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Abstract. In this paper we introduce the notion of a geometric associative r- 
matrix attached to a genus one fibration with a section and irreducible fibres. It 
allows us to study degenerations of solutions of the classical Yang-Baxter equa- 
tion using the approach of Polishchuk. We also calculate certain solutions of the 
classical, quantum and associative Yang-Baxter equations obtained from moduli 
spaces of (semi-)stable vector bundles on Weierstrafi cubic curves. 



1. Introduction 

There are many indications (for example from homological mirror symmetry) that 
the formahsm of derived categories provides a compact way to formulate and solve 
complicated non-linear analytical problems. However, one would like to have more 
concrete examples, in which one can follow the full path starting from a categorical 
set-up and ending with an analytical output. In this article we study the interplay 
between the theory of the associative, classical and quantum Yang-Baxter equa- 
tions and properties of vector bundles on projective curves of arithmetic genus one, 
following the approach of Polishchuk |56j . 

Let g be the Lie algebra s[„(C) and A = U{q) its universal enveloping algebra. 
The classical Yang-Baxter equation (CYBE) is 

[r^\x), r^\x + y)] + [r^\x + y),r^\y)] + [r^\x), r^\y)] = 0, 

where r{z) is the germ of a meromorphic function of one variable in a neighbourhood 
of taking values in 0. The upper indices in this equation indicate various 
embeddings of ® into A® A® A. For example, the function r^^ is defined as 

r^^:C^Q®Q^A®A®A, 

where Ti^{x ®y) = x ®1 ® y. Two other maps r^^ and r^^ have a similar meaning. 

In the physical literature, solutions of (CYBE) are frequently called r-matrices. 
They play an important role in mathematical physics, representation theory, inte- 
grable systems and statistical mechanics. 

By a famous result of Belavin and Drinfeld [8J, there exist exactly three types 
of non-degenerate solutions of the classical Yang-Baxter equation: elliptic (two- 
periodic), trigonometric (one-periodic) and rational. This trichotomy corresponds 
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to three models in statistical mechanics: XYZ (elliptic), XXZ (trigonometric) and 
XXX (rational), see [7|. 

Belavin and Drinfeld have also obtained a complete classification of elliptic and 
trigonometric solutions, see |8j, Proposition 5.1 and Theorem 6.1]. A certain classi- 
fication of rational solutions was given by Stolin [621 Theorem 1.1]. 

This article is devoted to a study of degenerations of elliptic r-matrices into 
trigonometric and then into rational ones. We hope that this sort of questions 
will be interesting from the point of view of applications in mathematical physics. 
In order to attack this problem we use a construction of Polishchuk After 
certain modifications of his original presentation, the core of this method can be 
described as follows. 

Let E he a WeierstraB cubic curve, E C E the open subset of smooth points, 
M = M^e''^^ the moduli space of stable bundles of rank n and degree d, assumed 
to be coprime. Let V = V{n, d) G yB{E x M) be a universal family of the moduli 
functor JM^''^''. For a point t> G M we denote by V = 'P\exv the corresponding vector 
bundle on E. Consider the following data: 

• two distinct points fi,f2 G M in the moduli space; 

• two distinct points 2/1,2/2 £ E such that Vi(?/2) ^ V2(?/i). 
Using Serre Duality, the triple Massey product 

Hom£;(Vi,Cj,J ® Ext]j(Cj,,, V2) ® Homs(V2, Cj,J — ^ Homs(Vi,C^J, 

induces a linear map 

r^yl^;;^ : Homs(Vi,C,J ® Homs(V2,C,J Homi5(V2,C,J ® Homs(Vi,C,J 

and satisfying the so-called associative Yang-Baxter equation (AYBE) 

\ yi,y2 J \ yi,y3 J \ yzm ) \ yi,y2 J ~^ \ yi,yi ) v 1/2,2/3 / 
viewed as a map 

Hom£;(Vi, Cy,) ® Hom£;(V2, Cy,) ® Hom£;(V3, Cy,) — > 

Homs(V2, Cy,) ® Hom£;(V3, C^J ® Hom£;(Vi, Cy,). 

This map can be rewritten as the germ of a tensor-valued meromorphic function in 
four variables, defined in a neighbourhood of a smooth point of the moduli space 
M X M X E X E (the choice of will be explained in Corollary 16.131) 

r(Vi,V2;2/i,2/2) : (C^xC^O) = {{MxM)x{ExE),o) Mat„x„(C)®Mat„x„(C). 

Since the complex manifold M^'*^^ is a homogeneous space over the algebraic 
group J = P\c^{E), it turns out that 

r{vi, V2; 2/1, 2/2) ~ r{vi - V2; 2/1, 2/2) = r{v; 2/1, 2/2), 
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with respect to a certain equivalence relation on the set of solutions. We show that 
this equivalence relation corresponds to a change of a trivialization of the universal 
family V. 

Let e be the neutral element of J. It was shown by Polishchuk [56l Lemma 1.2] 
that the function of two variables 

r{yi, 2/2) = lim(pr ® pr)r(t;; yi, 2/2) G s[„(C) ® s[„(C) 

is a non-degenerate unitary solution of the classical Yang-Baxter equation. More- 
over, under certain restrictions (which are always fulfilled at least for elliptic curves 
and Kodaira cycles of projective lines), for any fixed value g ^ e from a small 
neighbourhood f/e C J of e, the tensor-valued function 

r : {{g] x E x E,e) — > Mat„x„(C) ® Mat„xn(C) 

satisfies the quantum Yang-Baxter equation, see Theorem 1.4]. Hence, this 
approach gives an explicit method to quantize some known solutions of the classical 
Yang-Baxter equation. 

Moreover, as was pointed out by Kirillov [38j, a solution r(t>; yi, 7/2) of the associa- 
tive Yang-Baxter equation defines an interesting family of pairwise commuting first 
order differential operators, generalizing Dunkl operators studied by Buchstaber, 
Felder and Veselov [15] , see Proposition 12. 9[ 

The aim of our article is to study a relative version of Polishchuk's construction. 
Although most of the results can be generalized to the case of arbitrary reduced 
projective curves of arithmetic genus one having trivial dualizing sheaf, in this article 
we shall concentrate mainly on the case of irreducible curves. 

Let E he a. WeierstraB cubic curve, i.e. a plane projective curve given by the 
equation zy"^ = Ax^ — g2xz'^ — g^z^. It is singular if any only if A := (yff — 27 g"^ = 0. 




Unless g2 = gs = 0, the singularity is a node, whereas for (72 = (73 = it is a cusp. 

A connection between the theory of vector bundles on cubic curves and exactly 
solvable models of mathematical physics was observed a long time ago, see for ex- 
ample [45^ Chapter 13] and [H] for a link with KdV equation, p3j for applications 
to integrable systems and [10] for an interplay with Calogero-Moser systems. In 
particular, the correspondence 
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elliptic 


elliptic 


trigonometric 


nodal 


rational 


cuspidal 



was discovered at the very beginning of the algebraic theory of completely integrable 
systems. 

In this article we follow another strategy. Instead of looking at each curve of 
arithmetic genus one individually, we consider the relative case, so that all solutions 
will be considered as specializations of one universal solution. Our main result can 
be stated as follows. 

Let E ^ T be a genus one fibration with a section having reduced and irreducible 
fibres, M — M^J^ the moduli space of relatively stable vector bundles of rank n and 
degree d. We construct a meromorphic function 



r : {M Xt xM Xt E Xt E, o) 



(C) Mat„xn(C) 



in a neighbourhood of a smooth point o of M Xt xM Xt E Xt E, which satisfies 
the associative Yang-Baxter equation for each fixed value t & T and {vi, V2,yi, y-i) £ 
{{MEt X MEt) X {Et X Et),o). Moreover, rt{vi,V2,yi,y2) depends analytically on t, 
is compatible with base change of the given family E ^ T and the corresponding 
solution of the classical Yang-Baxter equation ft{y) is 

• elliptic if Et is smooth; 

• trigonometric if Et is nodal; 

• rational if Et is cuspidal. 

We also carry out explicit calculations for vector bundles of rank two and degree 
one on irreducible WeierstraB cubic curves. In the case of an elliptic curve E — Et 
the corresponding solution is 



re\\{v;y) 



e2{v\T) 



Jz{y + v\T) di{y + v\T) 
\ ^ / I X — cr (g) cr H ; , , , 7 ® 7 



where 1 = en + 622, cu — 622, cr = i(e2i - 612) and 7 = 621 + 612. 

In the case of a nodal cubic curve we get 

, , smiy + v) , . 1 , . 

rtvg\v\ y) = x leii ® en + 622 ® 622) + . , J en ® 622 + 622 ® en)+ 

sva.[y) sva.[v) sm[v) 

+ . , (ei2 ® 621 + 621 ® 612) + sin(y + v)e2i ® 621 
sin(y) 
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and in the case of a cuspidal cubic curve, the associative r-matrix is 

rri,t{v;yi,y2) = -1 ® IH (en (g) en + 622 ® 622 + eu ® 621 + 621 ® 612) + 

V 1/2-1/1 

+ {v - yi)e2i ®h+{v + y2)h ® €21 - v{v - yi){v + i/2)e2i ® e2i. 

Our results imply that up to a gauge transformation the trigonometric and rational 
solutions rtrg(f;?/) and ri.at(^^; 2/i, I/2) are degenerations of reii(f;?/), which seems to 
be difficult to show by a direct computation. 

Moreover, for a generic v the tensors reii(f;?/), rtrg(f;y) and ri.at('y; 2/i, 1/2) satisfy 
the quantum Yang-Baxter equation and are quantizations of the following classical 
r-matrices: 

• Elliptic solution found and studied by Baxter, Belavin and Sklyanin: 

, , cniy) 1 + dniy) 1 — dniy) 
re\\[y) = — ^/i®ftH -—^ — (ei2®e2i+e2i(S>ei2)H -—^ — (ei2(S>ei2 + e2i®e2i). 

• Trigonometric solution of Cherednik: 

^trg(2/) = t; cot{y)h ®h+ . \ . (ei2 ® e2i + e2i ® ei2) + sin(2/)e2i e2i. 
2 sm{y) 

• Rational solution 

^rat(l/) = ^ (^^h ®h + ei2® 621 + 621 ® Cu^ + y{e21 ®h + h® €21) - y^e21 ® 621, 

which is gauge equivalent to a solution found by Stolin [62] . 

This paper is organized as follows. In Section [2] we collect some results about 
the associative Yang-Baxter equation and its relations with Dunkl operators as 
well as with the classical and quantum Yang-Baxter equations. Section [3] gives a 
short introduction into a construction of Polishchuk which provides a method to 
obtain solutions of Yang-Baxter equations from triple Massey products in a derived 
category. 

In order to be able to calculate solutions explicitly, this construction has to be 
translated into another language, involving residue maps. In Section H] we explain 
the corresponding result of Polishchuk whereby we provide some details which are 
only implicit in The understanding of these details is crucial for the study 

of the relative case, which is carried out in Sections and O Theorem 16.131 is 
the main result of this article. It states that for any genus one fibration E —>■ T 
satisfying certain restrictions and any pair of coprime integers < d < r one can 
attach a family of solutions of the associative Yang-Baxter equation r^{vi, V2;yi, 2/2) 
depending analytically on the parameter of the basis and functorial with respect to 
the base change. This solutions actually depend on the choice of a trivialization 
^ of the universal family V{n, d) of stable vector bundles of rank n and degree d. 
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However, in Proposition 16. 121 we show that a choice of another triviahzation ( leads 
to a gauge equivalent solution r'^(t>i, t>2; j/i, j/2) 

In Section [7] we prove that in the case of a Weierstrafi cubic curve E there exists a 
triviahzation ^ of the universal family V{n, d) such that the corresponding solution 
r^(t>i, V2] Hi, 1/2) is invariant under simultaneous shifts Vi Vi + v, f 2 1-^ f 2 + v. In 
other words, the solution r^(t>i, V2; yi, 1/2), also called geometric associative r -matrix, 
depends on the difference V2 — vi of the first pair of spectral parameters. Hence, 
the obtained solution r^(v; yi, 7/2) also satisfies the quantum Yang-Baxter equation 
and defines an interesting quantum integrable system. The key point of the proof 
is to show equivariance of triple Massey products with respect to the action of the 
Jacobian J on the moduli space M^"''^''. 

Since it is indispensable for carrying out explicit calculations of r-matrices, in the 
following sections we elaborate foundations of the theory of vector bundles on genus 
one curves. In Section [8] we recall some classical results about holomorphic vector 
bundles on a smooth elliptic curve. Using the methods described before, we explic- 
itly compute the solution of the associative Yang-Baxter equation and the classical 
r-matrix corresponding to a universal family of stable vector bundles of rank two 
and degree one. These solutions were obtained by Polishchuk in [SH Section 2] us- 
ing homological mirror symmetry and formulas for higher products in the Fukaya 
category of an elliptic curve. Our direct computation, however, is independent of 
homological mirror symmetry. We are lead directly to express the resulting associa- 
tive r-matrix in terms of Jacobi's theta-functions and the corresponding classical 
r-matrix in terms of the elliptic functions sn{z), cn{z) and dji{z). 

Sections [9] and [To] are devoted to similar calculations for nodal and cuspidal Weier- 
straB curves. Our computations are based on the description of vector bundles on 
singular genus one curves in terms of so-called matrix problems, which was given by 
Drozd and Greuel [23] and Burban [TB] . We show that their description of canonical 
forms of matrix problems corresponds precisely to a very explicit presentation of uni- 
versal families of stable vector bundles. We explicitly compute geometric r-matrices 
coming from universal families of stable vector bundles of rank two and degree one 
on a nodal and cuspidal cubic curves and the r-matrix coming from the universal 
family of semi-stable vector bundles of rank two and degree zero on a nodal cubic 
curve. 

This article is concluded with a brief summary of analytical results in Section [TT] 

Notation. Throughout this paper we work in the category of analytic spaces over 
the field of complex numbers C, see [51]. However, most of the results remain 
valid in the category of algebraic varieties over an algebraically closed field k of 
characteristic zero. If V,W are two complex vector spaces, Lin(K, VT) denotes the 
vector space of complex linear maps from to ly. For an additive category C, 

a pair of objects X, F G C and a pair of isomorphisms X — ^ X' and Y — ^ Y' 
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we denote cnj(/, ^f) the morphism of abelian groups Homc(X, F) — > Homc{X' ,Y') 
mapping a morphism h to the composition g o ho . 

If X is a complex projective variety, we denote by Coh(X) the category of coherent 
0x-niodules and by VB(X) its full subcategory of locally free sheaves (holomorphic 
vector bundles). The torsion sheaf of length one, supported at a closed point y e 
X, is always denoted by Cy. By D^^^^{X) we denote the full subcategory of the 
derived category of the abelian category of all Ox-modules whose objects are those 
complexes which have bounded and coherent cohomology. The notation Perf(X) is 
used for the full subcategory of D^q^(X) whose objects are isomorphic to bounded 

complexes of locally free sheaves. For a morphism of reduced complex spaces E 
T we denote by E the regular locus of p. 

A WeierstraB curve is a plane cubic curve given in homogeneous coordinates by 

an equation zy'^ = 4x^ — g2xz^ — g^z"^, where (71,(72 G C. Such a curve is always 
irreducible. It is a smooth elliptic curve if and only if A((72,5'3) = fi*! ~" 27(7| 7^ 0. 
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2. YANG-BAXTER EQUATIONS 

In this section we are going to recall some standard results about Yang-Baxter 
equations. Let g be a simple complex Lie algebra (throughout this paper q = s[„(C)), 
( ; ) : X ^ C the Killing form. The classical Yang-Baxter equation is 

(1) [r''iyi,y2),r'Hy2,y3)] + [r''iyi,y2),r'Hyuy3)] + [r'''iyi,y3),r'Hy2,y3)] = 0, 

where r{x,y) is the germ of a meromorphic function of two complex variables in a 
neighbourhood of 0, taking values in g ® 0. A solution of ([1]) is called unitary if 

r^'^iyi,y2) = -r^^(?/2,yi) 

and non- degenerate if r{yi,y2) G0®0 = 0*®0 = End(0) is invertible for generic 
(?/i,?/2)- On the set of solutions of ([T]) there exists a natural action of the group of 
holomorphic function germs : (C, 0) — > Aut(0) given by the rule 

(2) r{yi, y2) ^ {(j){yi) ® (f){y2))r{yi, 7/2). 

Proposition 2.1 (see [9J). Modulo the equivalence relation ^ any non-degenerate 
unitary solution of the equation (J\) is equivalent to a solution r{u,v) = r{u — v) 
depending on the difference (or the quotient) of spectral parameters only. 

This means that equation ([T]) is essentially equivalent to the equation 

(3) [r^^ix), r^^{x + y)] + [r^^{x + y),r^%y)] + [r^^{x), r^^y)] = 0. 

Although the classical Yang-Baxter equation with one spectral parameter is better 
adapted for applications in mathematical physics, it seems that from a geometric 
point of view equation is more natural. 

Let m = dim(g), ei, 62, . . . , Cm be a basis of and e\ e^, . . . , e"^ be the dual basis 
of with respect to the Killing form ( , ) . Then Q = Yl^i (S> G ® is 
independent of the choice of a basis and is called the Casimir element. 

Theorem 2.2 (see Proposition 2.1 and Proposition 4.1 in |8|). Let r{y) be a non- 
constant non- degenerate solution of Then the tensor r{y) 

• has a simple pole at and ieSy=o[r{y)) = aVl G ® 0, a G C*; 

• is automatically unitary, i.e. r^'^{y) = — r^^(— y). 

As it was already mentioned in the introduction, there is the following classifica- 
tion of non-degenerate solutions of (CYBE) due to Belavin and Drinfeld. 

Theorem 2.3 (see Proposition 4.5 and Proposition 4.7 in [B]). There are three 
types of non- degenerate solutions of the classical Yang-Baxter equation elliptic, 
trigonometric and rational. 

Let us now consider some examples. Fix the following basis 

^=(0 -°i)' "^2=(o 0)' "^i=(i 0) 
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rtrgiy) = 7; cot{y)h ®h+ {cu ® 621 + 621 ® e^). 



of the Lie algebra q = s[2(C). Note that Q = -h ^ h + ei2 ® 621 + 621 ® ei2 is the 
Casimir element of s[2(C). 

• Historically, the first solution ever found was the rational solution of Yang 

rrs.t{y) = - ( ^/i ® /i + ei2 ® 621 + 621 ® 612 

y V2 

• A few years later, Baxter discovered the trigonometric solution 

^cot{y)h®h + ^ 
2 sm{y) 

• The following solution of elliptic type was found and studied by Baxter, Belavin 
and Sklyanin: 

, , cn(y) 1 + dn(y) 1 — dn(y) 

re\\[y) = ^/i®/iH ^ (ei2 (8)621 +621® 612) H r\ (6l2®6i2+621®62l), 

where cn{y), sn{y) and dn{y) are doubly periodic meromorphic functions on C with 
periods 2 and 2r. These functions also satisfy identities of the form /(?/+ 1) = ef{y) 
and f{y + r) = ef{y) with e = ±1. 

At first glance, all these solutions seem to be completely different. However, it is 
easy to see that 

i^r^'^ (f)=--(^)' 

hence the solution of Yang is a degeneration of Baxter's solution. Moreover, there 
exist degenerations dn(?/) 1, cia{y) —> cos{y) and sn{y) sm{y), when the 
imaginary period r tends to infinity, see for example ^21 Section 2.6]. Hence, both 
solutions of Baxter and Yang are degenerations of the elliptic solution. However, as 
we shall see later, the theory of degenerations of r-matrices is more complicated as 
it might look like at first sight. 

In this article we deal with a new type of Yang-Baxter equation, called associative 
Yang-Baxter equation (AYBE). It appeared for the first time in a paper of Fomin 
and Kirillov [28] . Later, it was studied by Aguiar [1] in the framework of the theory 
of infinitesimal Hopf algebras. The following version of the associative Yang-Baxter 
equation with spectral parameters is due to Polishchuk [56]. A special case of this 
equation was also considered by Odesski and Sokolov [E 



Definition 2.4. An associative r-matrix is the germ of a meromorphic function in 
four variables 



r : 



i4 



■'(fi,f2;s/i,y2)' 



0) — > Mat„xn(C) ® Mat„xn(C) 



holomorphic on ( \ V(^{yi — 1/2) ("^i — "^2)) , j and satisfying the equation 
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(4) r{vi,V2;yi,y2) r{vi,V3;y2,y3) = r{vi,V3;yi,y3) r{v3,V2;yi,y2) + 

+r{v2, V3; 1/2, Vs^^rivi, V2; Vi, ysY^- 
Such a matrix is called unitary if 

(5) r{vi,V2; yi, ^2)^^ = -r{v2, vi, ?/2, Z/i)^^ 

On the set of solutions of the equation (jlj) there exists a natural equivalence relation. 

Definition 2.5 (see section 1.2 in [56]). Let : (C^,0) GL„(C) be the germ of a 
holomorphic function and r{vi,V2',yi,y2) be a solution of (AYBE) then 

(6) r'{vi,v2;yi,y2) = (0(^^i;2/i)®0(^^2;y2))rK,t;2;z/i,2/2)(0(^^2;2/i)"^®0K;2/2)"^) 

is again a solution of (jlj). Two such tensors r and r' are called gauge equivalent. 
Note that if the matrix r is unitary then r' is unitary, too. 

Example 2.6. Let r{vi,V2;yi,y2) € Mat„xn(C) (S) Mat„xn(C) be a solution of (jlj), 
c G C and (j) = exp{cvy) ■ 1 : (C^,0) — > GL„(C) be a gauge transformation. Then 
exp(c(f2 — fi)(?/2 — yi))i"{vi, V2; 1/1, ^2) is a gauge equivalent solution of (AYBE). 

Lemma 2.7. Let r{vi,V2', yi, 2/2) be a unitary solution of the associative Yang-Baxter 
equation Then r also satisfies the "dual" equation 

(7) r{v2, V3; ?/2, y^y^rivi, v^; yi, 2/2)^^ = '^(^i, V2; Vi, y2y^r{v2, v^, yi, ?/3)^^+ 

+r{vi, V3; yi, yzY^r{v2, f 1; 1/2, yzf^- 

Proof. Let r be the linear automorphism of Mat„xn(C) ® Mat„xn(C) defined by 
r(a ®b) = h® a. Applying the operator r ® 1 to the equation (jlj), we obtain: 

r{vi, V2] yi,y2y^r{vi, V3; y2, 1/3)^^ = ^(^^i, ^-3; ysf^riv^, V2; yi, 1/2)^^ + 

+r{v2, V3; 1/2, ysY'^rivi, V2\ l/i, yzf^ ■ 
Using the unitarity condition (j5j) we get: 

-r{v2, vx\ ?/2, ?/i)^V(t;i, Vi\ ?/2, 2/3)^^ = -r{vx, V3; yi, yzf^r{v2, v^; ?/2, 2/i)^^+ 

+r(t;2, ^73; ?/2, 2/3)^^'"(^^i, ^^2; 2/1, 2/3)^^- 
After the change of variables vi ^ V2,V3 ^ and 2/1^2/2)2/3^2/3; "we obtain the 
equation (jTj). □ 

Assume a unitary solution r(fi, ^2; 2/1, 2/2) of the associative Yang-Baxter equation 
(jlj) depends on the difference v = Vi — V2 oi the first pair of spectral parameters 
only. For the sake of simphcity, we shall use the notation: r(t>i, ^2; 2/i) 2/2) = ''^(^i — 
^2; 2/1) 2/2) = yi, ^2)- Then the equation (jlj) can be rewritten as 
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(8) r{u;yi,y2) r{u + v;y2,y3) = r{u + v;yi,y3) r{-v;yi,y2) 

+r{,v]y2,yzf^r{u]yi,y-if^. 

Remark 2.8. It will be shown in Theorem 17. 51 that any solution r of the associative 
Yang-Baxter equation (jlj) obtained from a universal family of stable vector bundles 
on an irreducible genus one curve, is gauge equivalent to a solution r' depending on 
the difference f i — V2 only. 



Let A be the algebra of germs of meromorphic functions / : (C^^^ ^^.^^ ^^-j, O) — ^ C 

holomorphic on {c'^ \ V {{vi — V2){wi — W2)),oj. A solution of the equation ([8]) 
defines an element 

r G Mat„xn(^) ®A Mat„xn(^) = A ®c Mat„xn(C) ®c Mat„xn(C). 

In a similar way, for any integer m > 3 denote by B the algebra of germs of mero- 
morphic functions / : (C^™ ^ .^^ y -),0) — > C holomorphic on (C^"^ \ -D,0), 
where D is the divisor 



Next, for any pair of indices 1 < z 7^ j < m we have 

• a ring homomorphism il)"^^ : A — > B which sends a function /(f 1, ^2! Wi, W2) 
to f{xi,Xj;yi,yj); 

• a ring homomorphism /c*-' : B — > B defined as 

• a morphism Qij : Mat„xn(C)'^^ — > Mat„xn(C)®'" mapping a simple tensor 
a ® b to l®...l(8>a(8>l®...l®6(8)l®---(8)l, where a and b belong to 
the i-th and j-th components respectively. 

In these notations, consider 

:= ® Qij : A ®c Mat„xn(C)^' 5 ®c Mat„xn(C)^". 

For example {fivi, f 2; Wi, W2) ® a ® &) = /(xi, X3; yi, y^) ® a ® 1 ^ b. Next, we 
set r*^' := ^*^(r) G S ®c Mat„xn(C)®™ and 

K'^ = k'^®l : B ®c Mat^xnlC)^™ ^ B ®c Mat„xn(C)^"^. 

Consider the linear operator 

fij = o : 5 ®c: Mat^xnlC)^™ ^ B ®c Mat„xn(C)^", 
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which is the composition of K^^ and the muhiphcation with the element r*-'. For 
any 1 < i < m consider the differential operator 

a. = ^ ® 1 : B®c Mat„x„(C)®'" ®c Mat^xnlC)®'". 

OXi 

Next, for any k G C let 

0. ,= + Y,f'' ■ B ®c Mat^xnlC)^'" ^B®c Mat„x„(C)«"^ 

be the Dunkl operator of level /t. The following result was explained to the first- 
named author by Anatoly Kirillov, see also [38J- 

Proposition 2.9. Let r{v] yi, 1/2) G Mat„xn(^) ®a Matnxn(^) be a unitary solution 
of the equation n & C be a scalar and 6i be the Dunkl operator of level k defined 
above. Then for all 1 < i, j < m we have: \9i, 9j~\ = 0. 



Proof. First note that we have: 

d d 



which implies the equality \di + = 0. Next, the Yang-Baxter relations (jl]) 

and ([7]) yield that for any triple of mutually different indices l<i<j<k<mwe 
have: 

From the unitarity of r it follows that P-' = — f-'* for all 1 < z 7^ j < m. Finally, the 
following two equalities are obvious: 

p^^fcij = 0, [di,r''^] = 

where 1 < i,j,k,l < m are mutually distinct. Combining these equalities together, 
we obtain the claim. □ 

Remark 2.10. The above proposition means that to any unitary solution of the 
associative Yang-Baxter equation ([8]) one can attach a very interesting second order 
differential operator 

H = el + el + --- + el: B^c Mat^xniCf"" 5 ®c Mat„xn(C)®™. 

These operators are "matrix versions" of the Hamiltonians considered in the work 
of Buchstaber, Felder and Veselov [15] . 



Another motivation to study solutions of the equation ([8]) is provided by their close 
connection with the theory of the classical Yang-Baxter equation. 
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Lemma 2.11 (see Lemma 1.2 in [56]). Let r{v;yi,y2) be a unitary solution of the 
associative Yang-Baxter equation ^ and pr : Mat„xn(C) — > s[„(C) be the projection 

tiiA) 

along the scalar matrices, i.e. pr(A) =A ^^-1. Assume that {pT^pT)r{v;yi,y2) 

has a limit as v 0. Then 

r{yi,y2) ■= lim(pr (g)pr)r(i;;?/i,?/2) 
is a unitary solution of the classical Yang-Baxter equation ^\). 
Proof. First note that ([7]) implies the equahty 

riv; y2, yzf^r{u + V] yi, 7/2)^^ = r{u; yi, y2y^r{v; yi, 1/3)^^+ 
+r{u + v; yi, ?/3)^V(-m; y2, y^)^^. 
Using the change of variables u ^ —v and v u + v, we obtain the relation 
r{u + v; ?/2, y'if^riu] yi, 1/2)^^ = r{-v; yi, y2f'^r{u + V] yi, ?/3)^^+ 

+r{u;yi,y3y^r{v;y2,y3y^- 
Subtracting this equation from we get 

(9) [r{-v; yi, ?/2)^^ r{u + v; yi, y^Y^] + [r{u; yi, ^/2)^^ r{u + v; y2, 2/3)^^] + 

+ [r{u;yi,y3Y^r{v;y2,y3Y^] = 0. 
By definition, the function r(f ; yi, 7/2) is meromorphic, hence we can write its Laurent 
expansion: r{v;yi,y2) = ^^ez ^2)"^^", where ra{yi,y2) are meromorphic and 
= for a <^ 0. Since we have assumed that (pr (g) pr)r(t>; ^2) is regular with 
respect to f in a neighbourhood of f = 0, we have: (pr (g) pr)rQ,(?/i, ?/2) = for all 
a < — 1. This implies, if a < — 1, that 

raiyi, y2) = Saiyi, ^2) ® 1 + 1 ® to,{yi, y2) 

for some matrix-valued functions Sa{yi,y2) and ta{yi,y2)- Hence, 

(pr (8 pr (g) pr) [r^^, r^''] = 

for arbitrary permutations [ij) 7^ (Ik) and all indices a < — 1 and /3 G Z. The claim 
of Lemma 12.111 follows by applying pr (g pr (g pr to the equation and taking the 
limit M, f — 0. □ 

The statement of Lemma r2.11l leads to the following question. Let r = r{v]yi,y2) 
be a unitary solution of the associative Yang-Baxter equation ([8]) satisfying the 
conditions of Lemma 12.111 and s = s{v;yi,y2) be an equivalent solution in the 
sense of Definition 12.51 Are the corresponding solutions f{yi, 1/2) and s{yi, 2/2) of the 
classical Yang-Baxter equation also gauge equivalent? 

The answer on this question is affirmative, if one imposes an additional restriction 
on the function r. Namely, we assume that the Laurent expansion of r has the form: 

(10) r{v; yi, 1/2) = ^^^^ + ro(?/i, y2) + vri{yi, ^2) + v^r2{yi, 1/2) + ■ ■ • 
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Then the following proposition is true. 

Proposition 2.12. Let r : i^fvyi y2)'^) Mat„xn(C) ® Mat„xn(C) be a unitary 
solution of the associative Yang-Baxter equation ^ having a Laurent expansion 
of the form / fi^) and fo(?/i,y2) be the corresponding solution of the classical Yang- 
Baxter equation. If (p : (C^^.j^^,0) — * GL„(C) is the germ of a holomorphic function 
such that 

(11) s{vi, V2\ Vi, 1/2) := Vi) ® (I)iv2; y2))r{v; yi, 1/2) (^(^^2; yi^^ ® 

is again a function of v = V2 — Vi, then we have 

s{v;yi,y2) = -1 (g) 1 + so{yi,y2) +vsi{yi,y2) +f ^52(^/1, ^2) + • • • 

V 

and moreover, fo(?/i, y2) and So{yi, y2) are equivalent in the sense of the relation 

Proof. We denote v = vi — V2 and h = V2. Then vi = v + h and using the Taylor 
expansion of (p with respect to v, we may rewrite ffTTl) in the form 

(j){h; yi) + v<P\h- yi) + yi) + . . . \ ® (pih; 2/2)- 

\- ro{yi,y2) + vri{yi,y2) + . . 

V 

^ Siiyi, y2y^ ■ (^(j){h- yi) ® 7/2) + V(P'{h; 2/2) + y 2/2) + • • • ^ ^ , 

where (f)'{v:,y) and (j)"{v]y) are the partial derivatives of (p{v;y) of the first and the 
second order with respect to v. This equality implies that 5,(2/1,2/2) = for z < — 2 
and s_i(2/i, 2/2) = 1 ® 1- Moreover, we have: 

{(f){h] 2/1) ® 0(/i; 2/2)) ■ ro(2/i, 2/2) • (0(/i; yi)'^ ® 0(/i; 2/2)"^) = 

= -50(2/1, 2/2) + 1 ® 0'(/i; 2/2)0(/i; 2/2)"^ - 0'(/i; 2/i)0(/i; 2/i)~^ ® 1- 
Let 0(2/) := 0(0; y). Applying the operator pr pr to the last equality and putting 
h = we obtain: 

SoiVu 2/2) = (0(2/1) ® 0(2/2)) ■ ro(2/i, 2/2) ■ (0(2/1)"^ ® 0(2/2)^^) • 
This implies the claim. □ 

Remark 2.13. It was proven by Polishchuk [56, Theorem 2] that all solutions of 
the associative Yang-Baxter equation ([8]) arising from a universal family of stable 
vector bundles on an (irreducible) projective cubic curve satisfy the conditions of 
Lemma 12.111 However, we do not know a conceptual explanation of the fact that 
all these solutions have a Laurent expansion of the form (ITO!) . although in turns out 
to be so in all the examples known so far. Later, we shall see that the equation ([8]) 
has many solutions r(t>; 2/1, 2/2) with higher order poles with respect to v. Some of 
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them can be obtained by the same geometric method, apphed to certain famihes of 
semi-stable vector bundles, see Subsection I1U.4I However, they do not project to a 
solution of the classical Yang-Baxter equation. 

Finally, assume that a solution of (jlj) has the form r(t>i, t>2; yi, 1/2) = r{v2—vi; 1/2— yi)- 
Then the associative Yang-Baxter equation can be rewritten as 

(12) r{u] xY'^r{u + v; yY^ = r{u + f ; x + yY^r{—v] x)^"^ + r(t>; yY^r{u; x + yY^. 

This is the form of the associative Yang-Baxter equation introduced and studied by 
Polishchuk in and \57\ . 

Definition 2.14. A solution r{y) of the classical Yang-Baxter equation ([3]) has an 
infinitesimal symmetry, if there exists an element a G g such that 

[r{y),a® 1 + 1 ® a] =0. 

For example, let r{y) = rrat(y) = be Yang's solution for s[2(C), then 

[r{y),a® 1 + 1 (g) a] = 

for any a G g. 

An important reason to study unitary solutions of the equation (fT2|) satisfying 
(II up is explained by the following theorem. 

Theorem 2.15 (see Theorem 1.4 of [57] and Theorem 6 of [56j). Let r{v;y) be a 
non- degenerate unitary solution of the associative Yang-Baxter equation [W^) with 
Laurent expansion of the form / flOj) . Then we have: 

• The function fQ^y) := (pr C?> pr) (ro(?/)) is a non- degenerate unitary solution of the 
classical Yang-Baxter equation 

• Iffo{y) is either periodic (elliptic or trigonometric), or without infinitesimal sym- 
metries, then for a fixed v = Vq the tensor r{vo;y) satisfies the quantum Yang- 
Baxter equation: 

(13) r{vo; x)^V(fo; x + yY^r{vo; yf^ = r{vo; yf^r{vQ] x + yY^r{vQ] x)^^ 

• If fQ{y) does not have infinitesimal symmetries and if s{v;y) is another solution 
of ( fT^) of the form /[IJ^) and such that fo(?/) = (pr ® pr)(so (?/)), then there exist 
«! G C* and 0^2 G C such that s{v;y) = aiexp(a2vy)r{v;y). In other words, 
under these conditions, a solution of the associative Yang-Baxter equation r{v; y) 
is uniquely determined by the corresponding solution of the classical Yang-Baxter 
equation fo(?/) up a gauge transformation described in Example \2.6[ and rescaling. 

Remark 2.16. Theorem 12.151 gives an explicit recipe to lift a non-degenerate solu- 
tion of the classical Yang-Baxter equation to a solution of the quantum Yang-Baxter 
equation. Existence of such quantization is known due to a result of Etingof and 
Kazhdan [27]. Moreover, it was proven by Polishchuk in [56j that any elliptic so- 
lution of the classical Yang-Baxter equation (j3]) can be lifted to a solution of (fT2l) 
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having a Laurent expansion of the form ( |TOl) . However, Schedler showed in [59] that 
there exist trigonometric solutions of (CYBE), which can not be hfted to a solution 
of the associative Yang-Baxter equation (fT2l) of the form (fTOl) . 

3. Polishchuk's construction 

Let X be a connected projective Gorenstein variety of dimension n over a field k 
and Perf (X) be the triangulated category of perfect complexes, i.e. a full subcategory 
of the derived category D{X) = D^q^(X) consisting of complexes quasi- isomorphic 
to bounded complexes of locally free Ox ^modules. 

We denote by ujx the dualizing sheaf on X. This means (see for example [SI 
Section IIL?]) that we have an isomorphism t : H^{uJx) — k, also called a trace 
map, such that for any coherent sheaf JF e Coh{X) the pairing 

i/"(J^) X Homx{J^,uJx) — > H'^iiox) ^ k 

is non-degenerate. 

Remark 3.1. Such a map t is defined only up to a non-zero constant. However, 
it will be explained later that in the case of reduced projective Gorenstein curves 
with trivial canonical sheaf there exists a "canonical" choice for t, see subsection 
14. 3[ directly after Theorem 14. 161 

Let § : D^„h(X) — > ^cohi^) be the functor given by the rule §(J^) = ® ujx[n]. 
For a perfect complex JF, let tvjr : Hom/)(x) (.F, — * fc be the morphism 

Hom^(x)(J^,J^(|>cuxM) ^ Hom^(x)(C,J^'' h) ^ ujx[n]) — > H"'{ujx) ^ k, 
where the first arrow is a canonical isomorphism and the second is induced by the 

L 

canonical evaluation morphism JF^ JF — > O. 

The following theorem seems to be well-known, however we were not able to find 
its proof in the literature and therefore sketch it here. 

Theorem 3.2. Let p : X ^ Y = Spec(fc) be a connected projective Gorenstein 
variety of dimension n over a field k. Then for any JF G Perf(X) and Q G D^^^{X) 
the pairing 

{ , : Hom£,(x)(^,^) x Homo(x) §(JF)) — > k, 

given by the formula {f,g)j^,g := tTjr[gf), is non- degenerate^ Moreover, if the 
complex Q is also perfect, we have: tijr^gf) = trg(S(/)5f). 

Proof Recall that by the Grothendieck duality the functor Rp, : D^^^^{X) D^^^^^{Y) 
has a right adjoint p- : D^„h(F) D^„h(X), see [33l[5ll[2l]. Moreover, p'(fc) = uJx[n] 



We thank Amnon Nccman for helping us at this place. 
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and the adjunction morphism t : Mp*]9'(fc) — > k coincides up to a non-zero constant 
with the morphism 

RpJ{k) ^ H%RpJ{k)) = H'^iux) ^ k, 

see the proof of [211 Theorem 5.12]). Next, we have the following canonical isomor- 
phisms: 

HomD(x){G,J^&pik)) ^HomDix){J^'' ^G,pik)) ^ 
^ Horn Dix){nnomx{J^,g),p-{k)) = HomD^Y){^P*{T^'Homx{J^,g)),k) = 

= Homy(i7°(Mp,(7^7^omx(-^,^^))),fc) = Homz5(x)(-^, 6^)*- 

One can check that the image of a morphism g E Hom£)(x) under this 

chain of isomorphisms is the functional tij^i^g o — ) : \-\o\r\£)^x){^,G) ^ fc up to a 
constant not depending on /. This implies that the bilinear form ( , is non- 
degenerate. In particular, S is a Serre functor of the category Perf(X) and the 
equality tijr^gf) = trg (§(/)(?) is automatically true, see [581 Lemma 1.1.1]. □ 

Corollary 3.3. Let X be a connected projective Gorenstein variety over k of di- 
mension n such that its dualizing sheaf is trivial. Let uj e H^[ujx) he a non- 
zero global section of ux- Then for any pair of perfect complexes J^,Q on X the 
pairing { , )'^^g : HomD{x){^,G) x Hom£,(x)(^, ^N) — ' HomD{x){^, ^[n]) ^ 

is non- degenerate. 

Let X be a reduced Gorenstein curve over the field C. By ^ Chapter Vlll] or 
by [211 Appendix B] the dualising sheaf ux is isomorphic to the sheaf of regular or 
Rosenlicht's differential 1-forms Qx = ^x^- If ^ is smooth, then Qx coincides with 
the sheaf of holomorphic 1-forms. For X singular the definition is as follows. 

Definition 3.4. Let X be a reduced projective Gorenstein curve, n : X X its 
normalization. Denote by Qx ^"^^ sheaves of meromorphic differential 1- 

forms on X and X respectively. Observe that Qx — Then Qx is defined 

to be the subsheaf of Qx such that for any open subset f/ C X one has 

nx{U) = l^uen^^{n-\U)) \/peU,\/f eOxiU): ^reSp,((/onV) =0 

where {pi,P2, ...,pt} = n~^(p). 

A reduced projective curve E whose dualizing sheaf ue is isomorphic to the struc- 
ture sheaf is Gorenstein and has arithmetic genus one. For example, reduced plane 
cubics, Kodaira cycles and generic configurations of n-|-l lines in passing through 
a given point are of this type. In what follows, for such a curve E, we identify uje 
wiht Qe and fix a global section uj e H^^Qe) giving an isomorphism u : O ^ Qe 
and a trace map : H\0) ^ i/^^i?) ^ C. 
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A characteristic property of reduced projective curves with trivial duahzing sheaf 
is a very special form of the Serre duality. By Theorem 13.21 we have the following 
result. 

Proposition 3.5. Let E be a reduced projective curve with trivial dualizing sheaf 
and S,J-'E Perf{E). Then the map 

{ , : Hom{S,J^) ® Hom(J^,£[l]) ^ Hom(^,^[l]) ^ H\0) ^ C 

where Tt£ : Hom(^,^[l]) ^ Hom(0,^v ® S[l]) — > Hom(C,0[l]) = H\0), is a 
non-degenerate pairing. This pairing coincides with the composition 

{ , )^^^ : Hom(^, J^) ® Hom(J^,^[l]) ^ Hom{J^,S[l]) ® Hom{S[l], ^ 

Hom(J^,J^[l]) ^ H\0) ^ C. 

Remark 3.6. The choice of non-degenerate pairings ( , )£-,jc- is actually not unique, 
see the proof of Proposition 1.2.3 in [58]. In particular, { ,)£^r depends on the 
choice of a global section of the dualizing sheaf uje- If t^* : Hom(jF, £^[1]) — > 
Hom(jF, £^ (g) co'£;[l]) denotes the isomorphism induced by u : Oe uje, we obtain 
(_,_)^,^=(_,^*(_)k^. 

In [55] Polishchuk showed how a construction of Merkulov [l6], which fairly ex- 
plicitly provides an Aoo-structure, applied to the category of Hermitian vector bun- 
dles on a complex manifold with a hermitian metric, gives an Aoo-structure on the 
bounded derived category of this manifold. He shows that this construction pro- 
vides a cyclic Aoo-structure Theorem 1.1], which is crucial for the proof of the 
Yang-Baxter equations in the situation considered here. Therefore, we formulate his 
result explicitly in the following proposition. 

Proposition 3.7. If E is a smooth elliptic curve, there exits an A^-structure on the 
category D^^^{E), which is cyclic with respect to the pairing described in Proposition 
\3.^ In particular, this means 

{msifi, gi, /2), 92) = -(/i, msigi, /a, ^2)) = -("^3(/2, 92, /i), 9i) 

for any objects £1,62 and J-'i,J-'2 G D^^^^{E), and any morphisms 

fi G Hom{£i,J='i) and gi G Hom(J^j, £:3_i[l]), z = 1,2. 

Because the proof of Polishchuk uses harmonic forms and Hodge theory, it heavily 
depends on the smoothness assumption for E. If E is singular, the same result 
can be derived with some effort using more recent methods from non-commutative 
symplectic geometry [lOl Theorem 10.2.2]. 

Now we recall the main construction of [56j. Take a reduced projective curve E 
with trivial dualising sheaf and fix the following data: 
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• Two vector bundles Vi and V2 on E having the same rank n and such that 
Homs(Vi,V2) = = Ext],(Vi,V2). 

• Two distinct smooth points yi,y2 & E lying on the same irreducible compo- 
nent of E and such that Horrid (Vi (7/2), V2(?/i)) = = Ext]^ (Vi(?/2), V2(?/i)) • 

Remark 3.8. This "orthogonality" assumption on vector bundles Vi and V2 might 
seem to be quite artificial. The natural example of such data is the following. Let 
{n,d) G N X Z be a pair of coprime integers, M^'"^^ the moduli space of stable vector 
bundles of rank n and degree d on a WeierstraB curve E. Let V{n, d) be a universal 
family on x M^"''^^ For a point Vi G M^''^^ denote by Vj the corresponding 
stable vector bundle V{n,d)\Exvi on the curve E. Then for any two distinct points 
Vi,V2 G m|''°'^ we have Homs(Vi, V2) = = Ext]j(Vi, V2). 

Actually, one can also consider a more general situation. Namely, for any pair 
(n, (i) G N X Z, not necessarily coprime, one can take indecomposable semi-stable 
vector bundles of rank n and degree d having locally free Jordan-Holder factors. The 
orthogonality condition between non-isomorphic bundles of this type follows from 
the following lemma. 

Lemma 3.9 (see [SO])- Let (n, c?) G N x Z, m = gcd(n, c?) and n = mn',d = md' . 
Let V he an indecomposable semi-stable vector bundle of rank n and degree d on a 
Weierstrafi curve E with locally free Jordan-Holder factors. Then all these factors 
are isomorphic to a single stable vector bundle V G ''^ ^ . Moreover, we have 
V = V Am, where Am is the indecomposable vector bundle of rank m and degree 
defined recursively by the non-split extension sequences 

— >Am — > Am+i — > C — ^ m > 1, 

where Ai = O. 

Let us return to Polishchuk's construction. Since Hom£;(Vi, V2) = = Extg(Vi, V2), 
we have a linear map 

ms : Homs(Vi,C^J ® Ext]j(C^,, V2) ® Homs(V2,C^J HomEiViXy^) 

called the triple Massey product and defined as follows. Let a G Ext\{£-y^,V2), 
g G Hom£;(Vi, CyJ, h G HomE(V2, Cj^j) let 

— >V2^A^Cy, — ^ 

be an exact sequence representing the element a. The vanishing of Hom£;(Vi, V2) and 
Extg(Vi, V2) implies that we can uniquely lift the morphisms g and h to morphisms 
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A and h : A — > Cy.^ . So, we obtained a diagram 

Vi 
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a : 



h 



C, 



-^0 




c 



2/2 



and the triple Massey product is defined as m^{g ® a (S> h) = hg. Note that a 
determines an extension only up to an automorphism of the middle term, but the 
action of Aut(^) leads to the same answer for m^^g ® a <S) h) =: ^yl^y^io ® ci<S) h). 



Now one can use a sequence of canonical isomorphisms in order to rewrite tri^l'y^ 
in another form: 



Lin(Homs(Vi, C^J ® Ext^iCy.y^) ® Homs(V2, Cj^J, Hom£;(Vi, C,,J) ^ 
Lin(Homs(Vi,Cj,J ® Hom£;(V2, C,J, Ext],(C,„ V2)* ® Homs(Vi,C,J) ^ 

Lin(Hom£;(Vi,C^J ® Homi5(V2, C^^J, Homs(V2, C^J ® Homi5(Vi, Cj,J), 

where we use the Serre duality formula Ext^(Cy^, V2)* = Hom£;(V2,CyJ given by 
the bilinear form ( , )v r from Proposition 13. 5[ Let be the image of my,^' 

under this chain of isomorphisms. 



V2 

y2 



Theorem 3.10 (see Theorem 1 in [56]). If E is smooth, then fn^l'y^ satisfies the 
following "triangle equation" (associative Yang-Baxter equation) 



2/1,2/2 I y yi,yi ! \'"'y2,y3 > \""y\,yi 



(14) (m, 

The left-hand side of this equation is a linear map 

Hom£;(Vi, C^J ® HomE{V2, Cy,) ® HomEiVs, Cy,) — 

HomB(V2, CyJ ® Hom£;(V3, C^J Hom£;(Vi, Cy, 

Moreover, the tensor fn^l'yl^ is non-degenerate and skew- symmetric 



Tim 



2/1 .2/2 ) 



-m 



V2,Vi 

2/2,2/1 ' 



where r is the isomorphism 

Homs(Vi,C^J® Homs(V2,Cj,,) 
given by T{f ® g) =g® f. 



Hom£;(V2,Cj,J®HomE(Vi,C 



yi/ 
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Idea of the proof. This equality is a consequence of the A^o - constraint 

ma o (ms (g)l(g)l + l(g)m3(g)l + l(g)l(g) m^) = 0, 

and skew-symmetry of fn^l'y^ follows from the cyclicity of the - structure. □ 

Note that for a vector bundle V and a smooth point y ^ E we have canonical 
isomorphisms 

Homs(V, C,) ^ HomEiV ® C„ C,) = Homc(V|„ C) = V\;. 
In these terms, fn^^'y^ is a linear map 

yi,y2 ^lyi ^ ^l|/2 ^lyi ^ ^ly2 
Now we use the canonical isomorphism 

a : Homc(V2|j,,,Vi|j,J ® Homc(Vi|^,,V2|j,J Homc(Vi|;^ ® Vai;^ ® Vi|;j 
mapping a simple tensor /i /2 to fl (8> /|. Then the tensor 

■= «"'Ki:S) e Homc(V2|,„ Vi|,J ® Homc(Vi|,„ V^I.J 
satisfies the equation 

n ^"l f^Vi.VsUS/ V3,V2U2 _ / Vi,V2\12/ Vi,V3\23 , / V2,V3\23|' Vi.VaUS ^ q 

y ^ \ yi,yi ' \ yi,y2 ' \ y\,y2 ! \ y2,y3 ' \ y2,y3 ' \ y\,yi ' 

and the unitarity condition 

Remark 3.11. Since the functorial isomorphism of vector spaces Homc(t/, V^) — > 
Homc(V^*, U*) is contravariant, the tensors r^l'^^ and fn^l'^^ appear in inverse order 
in Equations ffTll) and ffT^ . 

Note that the bilinear map 

tr : Homc(?7, V) x Homc(\/, U) C, (/, (?) ^ tr(/ o 

is non-degenerate and induces an isomorphism Homc(f/, l^)* = Homc(V^, f/). Using 
this, we get a chain of canonical isomorphisms 

Homc(V2|yi,Vi|j,J®Homc(Vi|y2,V2|j;J = Homc(Vi|y,, V2|yi)*®Homc(Vi|j,„ V2|j;J = 

= Lin(Homc(Vi|j,,,V2|yi),Homc(Vi|y2,V2|j;J). 
We let f^l^^^ e Lin(Homc(Vi|^,, V2|j,J, Homc(Vi|j,„ V2|j,J) be the image oir^^l^^^. 

Remark 3.12. Note that the triple Massey product 777,3 is canonical, however the 
tensor r^l^.l'}^^ and the linear map rV^;]!!^ depend on the choice of a global section 
G H^{Qe)- Indeed, passing from 777.3 to Ty^^y^ and ry^^y^ we use the bilinear form 
( , )v2,Cj;j' which depends on the choice of u. 

Our next aim is to answer the following questions: 
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Ql What is a geometrical interpretation of the equivalence relation given in 

Definition ESP 
Q2 How can we view Vi and V2 as variables? 
Q3 Is there a practical way to compute r^l'^^"^ 

4. Geometric description of triple Massey products 

Let EheSu reduced projective curve with trivial dualizing sheaf and E be the open 
subset of the smooth points of E. As in the previous section, we fix the following 
data: 

• two vector bundles Vi and V2 on E of rank n such that Hom£;(Vi,V2) = 
and Ext]5(Vi,V2) = 0. 

• two distinct points yi,y2 ^ E lying on the same irreducible component of E 
such that Hom£;(Vi(i/2), Vsd/i)) = Ext^(Vi(?/2), V2(?/i)) = 0. 

• A non-zero global regular differential one-form uj G H^{Qe)- 

The main goal of this section is to get an alternative description of the linear map 

^tif (^) ■■ Homc(Vi|,„V2|,J Homc(Vi|,„V2|,J 

introduced in Section [31 To do this, we first elaborate the theory of residues and 
evaluation morphisms on reduced complex Gorenstein curves. 

4.1. Residue map for vector bundles. In this subsection, our set-up is rather 
general. We fix the following data: 

• a reduced Gorenstein analytic curve X (not necessarily compact); 

• a subset D G X, where X denotes the open subset of smooth points of X, 
such that D G X is locally finit^l; 

• a point X G -D; the set D' = D \ {x} may be empty; 

• a pair of vector bundles V and W on X; 

• a germ of a differential 1-form u G Qx, not vanishing at x (i.e. uj ^ Q{—x)x), 
where Q = Qx is the sheaf of regular differential 1-forms on X. 

The only application of this general set-up with 7^ occurs in Section [HI where 
Y = C ^C/A = X (cf. Prop. KM Prop. [HSl and Thm. Km is the universal cover 
of an elliptic curve and D = y + A is an infinite A-invariant subset of C. Therefore, 
we resist the temptation to include D or D' into the decorations of the residue maps 
below. In all other applictions of Theorem I4.23[ it : Y X is the normalisation, 
hence restricts to an isomorphism n : Y ^ X and D consists of a single point. 
Consider the canonical short exact sequence 

(17) o^Q^^Q^^x)'=^Cx^O. 

^This means that for any p £ X , there exists an open neighbourhood of p in X which contains 
only a finite number of points from D. According to [301 Ch. 1.1], D defines a divisor and a 
corresponding hue bundle Ox{D) on X. 
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Proposition 4.1. The following diagram is commutative: 

Homx (V ® fi, W ® Vl{D)) > Honix (V ® fi, W ® 0{D') ® C^) 



n(mix{V,W)®0{D) — >nomx{V^Q^C^,W^C^). 

The map (r^/)^ is induced by the inclusion tdi : O — >• 0{D') of subsheaves of the 
sheaf of meromorphic functions on X and res^ is determined by the following mor- 
phism of presheaves. Let x E U (1 X be an open subset, s G Homc)([/) (V(f/), W(f/)) , 
f er{u,0{D)),v eV{U),6 eQ{U). Then 



res 



'As®f)[v(^6] =Tes,{f6Mv)], 



where [v ® 6] := v ^ 6 ^ 1. If x ^ U, res'^|(7 is the zero map. The upper horizontal 
morphism is induced by the short exact sequence (fT7j) and all other morphisms are 
standard canonical isomorphisms. 

Proof. After observing that r£,i is tlie identity map over any open set U wliicli does 
not intersect D' , the proof is an easy diagram chase. □ 

Note that a germ uj G fix, which is not in Q{—x)x, i.e. not equal to zero in (g) C^., 
induces an isomorphism of sheaves 

Honix (V ® ® C^, W ® C^) ^ Homx (V ® C^, W ® C^) . 
Definition 4.2. Consider the morphism of sheaves of Ox^niodules 

res^'^(w) : Honix (V, W ® 0{D)) — > Homx (V ® C^, W ® C^) 
defined as the composition of morphisms 

Homx (V, W ® 0{D)) Homx (V ® W ® n{D)) 

^^*> Homx (V ® W ® 0{D') ® C,) 

^ ^ Homx (V ® ® Cx, W ® Cx.) ^ :Komx (V ® C^., W ® C^) , 

coinciding with the composition Homx{V,W ® 0{D)) Homx{V,W) ® C'(-D) 
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Remark 4.3. The fact that the composition 

nom{V, W{D)) nom{V ® fi, W ® n{D)) ^ nom{V, W ® n{D)) 
coincides with the map cj* imphes that there is a third description for res^'^(c<j) as: 

HomiV, W{D)) ^ HomiV, W ® n{D)) ^ --^*> nom{V, >v - - ^ ^ ^ 



7iom(V (8> Ca;, W ® Ca;). This will be used in the proof of Proposition 14.221 

Definition 4.4. In the above notation we define: 

res^'^(cj) := H%Tes^'^{u)) : Homx (V, W(D)) — > Homx(V ® C,, W ® C,). 

Proposition 14.11 yields an explicit formula for the morphisms res^'^(ti;) in the fol- 
lowing simple situation. 

Lemma 4.5. Let U C be open, O = H^{U,Oc), D G U a locally finite subset, 
0{D) = H^{U,Oc{D)) and x E D. Let V = = O'ff and cu = f{z)dz be a 

meromorphic one-form on U, holomorphic at x with f{x) ^ 0. Then the morphism 
reSx, which is defined as the composition of canonical morphisms 



Mat„xn(0(D)) — > Mat„xn(C) 

is given by the formula TeSx{F) = TeSx{F ■ uj). 

Proof. Let F{z) = (^fij{z)^ G Matmxn{0{D)) be a matrix whose entries are mero- 
morphic functions on U having at most simple poles along D. Then we can write 
G(z) 

F{z) = ^ _ ^ , where the entries of the matrix G{z) are meromorphic functions 
which are holomorphic at x. Using the definition of res^^ in terms of res^ we obtain 

reSa;(F)(a) = ( res^; — — — ) G{x)a = TeSx{Fuj)a 

\ Z — X J 

for all a e C". □ 

In general, the morphism res^'^(ct;) is neither surjective nor injective. However, 
there is an important special case where it is an isomorphism. 

Proposition 4.6. Let E be a reduced projective curve with trivial dualizing sheaf. 
Let V and W be a pair of vector bundles on E such that Horr\E{V, W) = and 
Hom£;(>V, V) = and let x E E, uj E VLx be as above. Then, the morphism 

resi^'^(w) : Horns (V, — > Homs(V ® C^, W ® CJ, 

defined with D = {x}, is an isomorphism. 
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Proof. First note that by Serre duality we have: Ext]5(V, W) = Horn i5(W,V)* = 0. 
Hence, then short exact sequence W^Q W^Q{x) WcgiC^ induces an 

isomorphism (1(g) res^)^) : Hom£;(V®fi, >V(g)fi(x)) ^ Hom£;(V®^], W® C^.)- 

As a resuh, the morphism Hom£;(V, >V(x)) — > Hom£;(V ® C^^ W ® C^) is an 

isomorphism, too. □ 

Remark 4.7. The vanishing conditions of Proposition 14.61 are satisfied if E is an 
irreducible projective WeierstraB curve and V and W are two stable vector bundles 
of the same rank and degree and such that V ^ W. 

The next goal is to show that the morphism res^'^(co') has nice functorial properties. 

Proposition 4.8. Let Y X be a morphism of reduced Gorenstein curves, y & Y 
and X = iT{y) & X he such that f is unramified over x. Let D = tt^^{x) and V, W be 
a pair of vector bundles on X , V = 7i*V and W = 7r*VV. Finally, let uj G fix,x be the 
germ of a regular differential one-form, not vanishing at x, and uj = tt*{uj) G VlY,y 
be the corresponding germ on Y . Then the following diagram is commutative: 

Homx{V,W{x)) 

TT 

Homy(V,W(D)) 

Proof. Let i : U X he an open embedding containing the point x, V = V\u and 
W" = yV\u- Then the diagram 

Homx{V,W{x)) 

i* 

Hom[;(V',>V'(x)) 

is commutative: this is a consequence of the "local" definition of the morphism 
res^'^(a;) as {le^,'^ {u)) . 

In order to pass to the general case, recall that any unramified morphism of smooth 
Riemann surfaces is locally biholomorphic. The assumptions imply t{*0{x) = 0{D). 
Since both points x E X and y & Y are smooth, there exist open neighbourhoods 

i j 

X G U ^ X and y G V Y such that tt : V U is an isomorphism. In particular. 



res^ (<^) 



reSy (uj) 



TT 

Homy(V®Cy,VV® Cj. 



res^ (w) 



v'.w'/ \ 
res^ (UJ) 



>Homx(V®C^,W®C^) 
Homt;(V'®C^,W'®Cj. 
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V Ci D = {y} and we have a diagram 
Homx{V,W{x)) - 
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resa; (to) 



Homu{V',W'{x)) 
Homv{V,W{y)) 
Homy(V,>V(L')) 



V'.IA'', X 



resj, (ui) 



reSy (UI) 



■ Homx(V«)C^, W«)C^) 

i* 

TT 

Homy(V'®C2^,>V'(8)C2/) 
Homy(V(8)Cj/,>V(g)Cy), 



in which all three cental squares and both exterior squares are commutative. To 
conclude the claim, it remains to note that all vertical morphisms on the right hand 
side are isomorphisms. □ 

Note that the constructed morphism res]^'^{uj) is functorial in V and W. In what 
follows, we shall use the following bifunctoriality. 

Definition 4.9. Let Vi, V2 and Wi, VV2 be coherent sheaves on X, / : Vi — >■ V2 and 
g : Wi — > VV2 be isomorphisms in Coh(X). Then we have an morphism 

cni{f,g) : Homx(Vi, Wi) Homx(V2, W2) 

given by the rule Homx(Vi, Wi) 3 g oho G Homx(V2, W2). 

Having this notation, the proof of the following lemma is straightforward. 

Lemma 4.10. Let X be a reduced Gorenstein curve, D G X , x E D and u E il^ o-s 
before. Let / : Vi ^ V2 and g : Wi — > W2 be isomorphisms of vector bundles on X. 
Then the following diagram, in which g{D) denotes g ®1, is commutative: 



Homx(Vi,>Vi(r')) 

cnj(/,a{D)) 

Homx(V2,>V2(L')) 



resa, (w) 



-^Homx(Vi®C^,Wi®C^) 

cnj(/, g) 

^Homx(V2®C^,>V2®C^). 



4.2. Evaluation map for vector bundles. As in the previous subsection, we fix 
the following notation: 

• a reduced Gorenstein analytic curve X (not necessarily compact); 

• a subset D d X, locally finite in X, and a smooth point y E X , y ^ D; 

• a pair of vector bundles V and W on X. 
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Consider the short exact sequence 



(18) 



^ 0{-y) ^ O 



0. 



It induces a short exact sequence of coherent sheaves 

^ W{D) ® 0{-y) W{D) W{D) ®Cy^Q 

and a morphism of sheaves ev^ making the following diagram commutative 

(l®ev,,)t 

Homx (V, yV{D)) > Homx (V, yV{D) ® Cy) 



V,W(i3) 



nomx{V®Cy,W®Cy) 



nomx{V (g)Cy,W{D)(g)Cy) 



where the lower horizontal morphism (r^))* is induced by the canonical inclusion : 
O — > 0{D) (here we view both sheaves as subsheaves of the sheaf of meromorphic 
functions on X). Note that (ru)* is an isomorphism because y ^ D hy assumption. 

Definition 4.11. In the notation as above, we set: 

QyV,w{D) ii-o(evj;'^(^)) : Homx{V,W{D)) Homx{V ^ Cy,W ^ Cy). 
Similar to the case of the residue map, the following statements are true. 

Proposition 4.12. Let ir : Y ^ X be a morphism of reduced Gorenstein curves, 
xi & X a point over which n is unramified, Di — n~ (xi) and y2 & Y a smooth 
point, such that Xi ^ X2 = T^{y2) ^ X . For a pair of vector bundles V and W on X 
we denote V = 7r*V and W = tt* W. Then the following diagram is commutative: 



Hom^(V,>V(a;i)) 



Homy(V,W(L'i)) 



V,W(a:i) 



V,W(Di) 



Hotnx(V®C^2,>V®C^2) 



Moreover, the constructed morphism of vector spaces ev^^^^^"^ is natural in V and 
W. In particular, / : Vi — > V2 and g : Wi — > W2 are isomorphisms of vector 
bundles on Y then the following diagram is commutative: 



Homy(Vi,>Vi(L'i)) 

cnj(/,g(Di)) 

Homy(V2,>V2(A)) 



Vi,Wi(i3i) 

'3/2 



V2,W2(Dl) 

•'y2 



Homy (Vi (8) Cj;^, Wi (8) C^^^) 

cnj(/,9) 

Homy iy 2 ®Cy2,W2®Cy^). 
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The proof of the following formula for the evaluation morphism evy is straightfor- 
ward. 

Lemma 4.13. Let U <C be open, D G U locally finite and y G U \ D. Define 
0{D) = H^{U,Oc{,D)) and let V = O^j^W = O^. The formula eVy{F) = F{y) 
defines a morphism evy : Mat„xri(0(Z))) — *• Mat„xn(C) which fits into the following 
commutative diagram 

V,W(D) 

Home; (V, WiD)) — > HomuiV ® Cy, W ® C^,) 



Matmxn{0{D)) "-^ > Mat^xn(C). 

In general, the evaluation morphism ev^a^''^^^ is neither injective nor surjective. 
However, there is one particular case, when it is an isomorphism. 

Proposition 4.14. Let E be a reduced projective curve with trivial dualizing sheaf. 
Let V, W be vector bundles on E and x,y & E be such that x ^ y and 

Hom^(V,W(a;-y)) = = Ext^V,W(a;-y)). 

Then the morphism ev^'^^"^^ : Homs(V, >V(x)) — > Homs(V Cg) Cy,yV Cg) C^) is an 
isomorphism of vector spaces. 

Proof. Applying the functor Hom£;(V, — ) to the short exact sequence 

ICgiev,, 

^ W(x -y)^ W{x) W(x) (^Cy^O 

we see that the morphism defined as the composition 

HomE(V, W(x)) i^^=^ HomE{V0Cy,W{x)®Cy) HomE{V ®Cy,}V ®Cy) 

coincides with evy'"^^^^ and is an isomorphism of vector spaces. □ 

Remark 4.15. The vanishing conditions of Proposition 14.141 are satisfied if E is an 
irreducible Weierstrafi projective curve and V and W are two stable vector bundles 
of the same rank and degree and such that V ^ yV{x — y). 



4.3. Geometric description of triple Massey products on genus one curves. 

In this subsection, is a reduced projective Gorenstein curve with trivial dualizing 
sheaf. In particular, the sheaf VLe oi regular differential 1-forms on E is trivial. For 
any smooth point x & E consider the coboundary map 5x '■ H^{Cx) — ^ H^{Qe) of the 
short exact sequence (fTTll . This is an isomorphism. Define Wx := Sx{lx) G H^{^e)- 
By a result of Kunz, which is also true without the assumption Qe — C>e, "we get: 

Theorem 4.16 (see Satz 4.1 in ^41])- The element Wx does not depend on x. 
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Let w = Wx and t : H^{Qe) C be the isomorphism which maps w to 1. We 
fix a global regular differential form u : Oe ^e- For any two perfect complexes 
£,J^E Perf(£'), u induces a non-degenerate pairing (see Proposition 13.51) 

Recall that, when passing from the triple Massey product rn^l'^^ to the tensor ffi^^]^^ 
we have already used these bilinear forms. 



The alternative description of r^l]^^ involves the two isomorphisms les^l'^'^ {uj) and 

ev^2 constructed in Subsections 14. II and l4.2l respectively. The following theorem 
(see also [56l Theorem 4]) is the key statement to explicitly compute the tensor f^l'^^ 
describing triple Massey products. 

Theorem 4.17. Let E he a reduced projective curve with trivial dualizing sheaf, 
Vi, V2 G VB(£'), ?/i,?/2 G E and uo G H^{Qe) be as at the beginning of Section^ By 
ujy-^ we denote the germ of uj at yi E E. Then the diagram 



Horns (Vi,V2(2/i)) 



Vl,V2 



Vi,V2{!/l) 



Homc(Vi|j,,,V2|3,,^ 
is commutative. 



,y9. 




Homc(Vi|2,2, V2|y2) 



An important message from this theorem is: only if Uy-^ is the germ of a global 
holomorphic 1-form 00 E H^{Qe), we can guarantee that f = eVy^ o (reSj^^ (wyj)"^. 

Since this result plays a crucial role in our approach to degeneration problems, 
we decided to give a detailed proof of this statement, stressing those points which 
are implicit in [56]. As a preparation, several technical lemmas have to be proven. 

Lemma 4.18. Let E be a reduced projective curve with trivial dualizing sheaf and 
X E E. Then we have an isomorphism of functors VB(£') — > Vectc-' 

: Ext^C, - ) Hom£;(C,, - ® C,) 

Proof. Let V be a vector bundle on E of rank n. The short exact sequence (IT7|) and 
the isomorphism u : Oc — ^ yield the short exact sequence ^ V ^ V{x) 
V ® Cx ^ 0, which induces the long exact sequence 

^ HomEiCx,V(E)Cx) ^ Ext^(C,, V) ^ Ext^(C,, V(x)) ^ Ext^C,, V®C,) 0. 

Because Extl;{Cx,V{x)) ^ H^{Sxt\Cx,V{x))) and Ext^C^., V ® C^.) are both of 
dimension n = rank(V), we conclude that 6^ is an isomorphism. Moreover, this map 
is functorial and we can put T^ = S^^. □ 
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Remark 4.19. Due to the construction of the functor we have a commutative 
diagram 

> V > A > > 

rcs^ 

y V > V(x) V®C^ > 0, 

where the upper exact sequence corresponds to the element a E Ext\;{Cx,V). 

In order to justify our calculations in Sections [8] and [10] we need to establish an 
explicit link between the "categorical trace map" of Proposition 13.51 and the usual 
trace from linear algebra. 

Let X be a reduced projective Gorenstein curve, x G X a smooth point, V a 
vector bundle on X. From the exact sequence fll7p we get a commutative diagram 

Ext^(V,V®fix) 

Homx(V,V®C,.)^ 

Homc(VU., VU) > C ' 

Here t is the trace map from Theorem 14.161 and tr is the ordinary trace of an 
endomorphism of the vector space Vl^;. The morphism Tr^ is the composition 
Homx(V, V C^.) ^ iJ°(V^ ® V ® C^) ^ if°(c/) and Trj, is defined in a sim- 
ilar way, so that to Try = try, see Theorem 13.21 The commutativity of this diagram 
gives us the following result. 

Lemma 4.20. For an element f G Homx(V, V (S> C^^) we have: 

t(Tr^(5.(/))) =tr(/.), 

which is the required link between the categorical trace and the usual trace for vector 
spaces. 

Lemma 4.21. Let E be a reduced projective curve with trivial dualizing sheaf, x E E 
a smooth point, V G VB(i?) a vector bundle and S : Ext\;{Cx,V) — > Homs(V, C^;)* 
the isomorphism induced by the bilinear form ( , )v c^' defined in Proposition \3.5[ 
Then the following diagram is commutative: 

Ext^C, V) > Homs(V, 

Hom£;(C^, V ® C^) > Hom£;(V ® C^, C^)*, 
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where tr is induced by the canonical isomorphism of vector spaces Homc(f/, V)* = 
Homc(V, U), which is given by the usual trace of endomorphisms. 

Proof Let ^ G Hom£;(V,C^) and a e Ext^(C^, V). Then T,(a) : ^ V ® and 
C,x '■ V ^ Cx ^ Cx satisfy: 

tr(exO T,.(a)) =tr(T,(a)oe.) = t(Tri;(5,(T,(a) o 0)) = t(Tr^ (u;.(a o 0)) 
= t^(Trv(aoO)) =5(a)(0, 

where the second equahty holds by Lemma [4.201 and the others come from straight- 
forward commutative diagrams. □ 

Now, after proving these prehminary statements we are ready to prove Theorem 
I4.17[ Let (Vi, V2, yi, ?/2, f^) be the data fixed at the beginning of Section HI Recall 
that we have to compare the triple Massey product 

m^l'^^' : Homs(Vi,C,J ® Ext^(C,„ V2) ® HomE(V2,C,J Hom^,(Vi,C,J 

with the map 



~Vl,V2 ._ 



r. 



ev. 



Vi,V2(s/i) 



o res 



Vl,V2 



J)-':Homc(Vi|,„V2| 



2/1/ 



Homc(Vi|y2, V2 



y2j 



yi,y2 ■ 1/2 

Proposition 4.22. // (7 e Hom£;(Vi, Cj^J, /i G Hom£;(V2, C^^a) and a eExt\;{Cy-^,V2), 
then 

Proof. Let us first explain our notation. We have a composition map 

9vi ^ Ty-^^{a) 



hence we may consider 



Vi 



Vil 



yi 



^yhv2 (-^ai ) 



?/2 ' "212/2 • 

2 — > M. — > vuy^ ^ be an exact sequence representing a G Ext^(Cy^, V2). 
Then we have a commutative diagram 



Let ^ V2 ^ ^ — 
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where g is the unique hft of g and the two columns on the right form a transposed 
version of the diagram from Remark 14.191 Since 



-yi, 



: Horns (Vi,V2(i/i)) — ^ Homs(Vi®C^,,V2®C, 
is an isomorphism, by definition we have (see Remark 14.31) 

(res^i'^'Ki))~\rj/i(«)^j/i) = ^9- 

Moreover, tensoring the whole diagram with we obtain a new commutative 
diagram 



y2 



^y2 



9y2 



S/2 



■'J/2 



V2{yi) ® C 



y2' 



from which the identity ev 



Vl,V2(yi), 



3/2 



products we have a commutative diagram 

> V2 1 A 



Q-y^gy^ follows. By the definition of Massey 



C 




-^0 



which finally implies 

{mXl'^^{g®a®h)) 



S/2 



ms {g®a'SS]h) 



° %2 ° 9y2 



y2 



hy2°r'^uy,'iTy,{a)gy^] 



□ 



Now we are ready to finish the proof of Theorem 14.171 Our goal is to keep track 
of the linear map n^^y^'y^ under a long chain of canonical isomorphisms. Let us do it 
step by step. Each linear map 

m G Lin(Homi5(Vi,Cj,J ® Ext^(Cj,,, V2) ® Horn E{V2,Cy,), Horn E{Vi,Cy,)) 

corresponds to an element 

n e Lin(Hom£;(Vi,Cj,J® Homs(V2,Cj,J*,Lin(Hom£;(V2,Cj,J,Homi5(Vi,Cj,J)) 

which is related to m by the formula 

n[g ® S{a)) (h) = m{g ® a®h), 

where S : Ext^(Cyj,V2) Hom£;(V2, C^J* is given by the bilinear form ( , )v2,Cj, 
from Proposition 13. 5[ By Lemma 14. 2H the element S{a) G Hom£;(V2, C^J* is 
mapped to Ty^{a) G Homc(C, V2IJ/1) under the chain of isomorphisms 

Homs(V2,C^J* Homs(V2®C^„C,J* Homc(V2|,„ C)* Homc(C, Vsl.J. 
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This implies that the hnear map n corresponds to 

I e Lin(Homc(Vi|^,, C) ® Homc(C, Valj^J, Lin (HomclVsl^.^, C), Homc(Vi|j,„ C))) 
given by l{gy^ ® Ty^{a)){hy^) = m{g ® a ® h)y.-,. But since 

Homc(Vi|,„C)®Homc(C,V2|,J ^ Homc(Vi|,„ V2I 
is an isomorphism and 

Lin(Homc(V2|j;2,C), Homc(Vi|^y2,C)) = Homc(Vi|y2, V2|y2y, 
we obtain a hnear map 

k G Lin(Homc(Vi|yi, V2|j;J, Homc(Vi|j^2, V2|y2)) 
such that for any elements g, a and h the following diagram commutes 




1 \y2 



m(g(Sia(S)h)y2 



Using Proposition I4.22[ we obtain with m = rri^^'y^ the identity 

1 ~Vl,V2 -1 

^ = ^^1/1^ =evj;2°resj^i , 

A tedious diagram chase shows that k is equal to f^l]^^, which was defined directly 
after Remark 13. 11[ This completes the proof. □ 

The following Theorem explains how triple Massey products on a genus one curve 
can be computed in a practical way. 

Theorem 4.23. Let E he a reduced projective curve with trivial dualizing sheaf, 
Xi,X2 & E be a pair of distinct smooth points lying on the same irreducible component 
of E. Let Vi and V2 be a pair of vector bundles on E satisfying both vanishing 
conditions from the beginning of Section Let n : Y ^ E be the normalization 
morphism if E is singular or the universal covering C E = C/(l,r) if E is 
smooth. Take a point y2 on Y such that 7r{y2) = X2, let yi E Di = 7t^^{xi) and 
denote Vi = TT*Vi for i = 1,2. Let oj G H^{Qe) be a global regular differential form 
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on E and uj be its (possibly meromorphic) lift on Y . Then the diagram 

HomE(Vi ® C,,, V2 ® > Homy (Vi ® C^^, V2 ® Cy,) 
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Vl ,V2 , ^ 



Vi,V2(3:i) 



.Vi,V2, , 

Homs(Vi, V2(xi)) ^ Homy(Vi, V2P1)) 

Vl,V2{Di) 

'a2 



HomE(Vi®C,2>V2®C,2) 



Homy(Vi®Cj,2,V2®Cj,2) 



is commutative. This shows in particular that the computation of triple Massey 
products on elliptic curves (resp. on singular genus one curves) can be expressed by 
computations on the universal covering (resp. on the normalization). 



Proof. The left triangle is commutative by Theorem I4.17[ The two squares are 
commutative by Propositions 14.81 and I4.12[ □ 



5. A RELATIVE CONSTRUCTION OF GEOMETRIC TRIPLE MASSEY PRODUCTS 

Our next goal is to extend the definition of the morphism ^"^I'y^ {'^) ■> constructed 
in the previous section, to genus one fibrations. We achieve this by generalizing the 
construction of Theorem 14.171 to the relative case. Throughout this section we work 
either in the category of locally Noetherian algebraic schemes over an algebraically 
closed field k of characteristic zero or in the category of complex analytic spaces. 



5.1. The relative residue map. Let p : X — ^ S" be a smooth map of complex 
analytic spaces or of algebraic schemes. Assume p has a section i : 5* — > A, let D 
be the image of i equipped with the ringed space structure induced from S. Recall 
that the sheaf of relative differentials f^^/^ is defined via the exact sequence 

see [31 Chapter 7], [HI Section II. 8 and Section III. 10] and [M] for definitions and 
basic properties of smooth morphisms and Kahler differential forms. In particular, 
for any closed point s G S* we have: f^^/sUs ~ ^^"^ ^x/s locally free. 

Assume additionally that p has relative dimension one and X itself is smooth. 
Our aim is to define a canonical epimorphism of Ox^niodules 

later called the residue map. We shall explain our construction in the case of alge- 
braic schemes, whereas its generalisation on the case of complex analytic spaces is 
straightforward. 
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Let X G -D C X be a closed point, then we can find affine neighbourhoods U = 
Spec(i?) of X G X and V = Spec(y4) of f{x) G S such that the map p\u '■ U V is 
induced by a ring homomorphism p* : A ^ B: 

U = Spec(5)c >x 

p\u P 

V = Spec(A)c > S. 

Then the sheaf Q^^^lu is isomorphic to the sheafification of the 5-module of Kahler 
differentials ^b/a- 

Let I* : B A he the ring homomorphism corresponding to the section i and 

/ = ker(z*). Then the map C := B/I A is an isomorphism and I is the ideal, 
locally defining the subscheme D. By KruU's Hauptidealsatz, since U is smooth and 
V{I) C U has codimension one, shrinking the open sets U and V if necessary, we 
can achieve that / is generated by a single element a & B. From the exact sequence 

///2 ^ ^^/^ ®B c nc/A 

where S{[b]) = d{h) ® 1 and the fact that VLc/a = it follows that the C-module 
^b/a®bC is generated by a single element, namely d{a) ® 1. The smoothness of p 
implies that VLb/a®b C is a. free C-module with this generator. 

Definition 5.1. Let p : X — > 5* be a smooth map of relative dimension one, 
I : S — > X a section of p and D = i{S). We define the sheaf homomorphism 

res^ : Q'x/siD) — On 

to be the composition of the canonical map ^x/siD) — > n]^/g\D^O{D)\D and the 
morphism f^^^^l^ ®0{D)\d —>■ Od locally defined as follows. In the above notation 

let M = I - M G fi} = r(t/, Ox{D)) C g(S), where Q{B) is the field of fractions 
of the integral domain B. The map 

p : {VLb/a ®b C) ®{M®bC) — >C 

is given by the formula {d{a) ®\)®{^®\) ^ u(^l = u := u mod /. 

It is easy to see that the morphism p is C-linear, surjective and does not depend 
on the choice of a generator of the ideal I. 

Remark 5.2. If S* is a point and X a smooth complex curve, the residue map in 
Definition 15.11 coincides with the classical residue map, which was used in sequence 
f|T7j) at the beginning of subsection 14. 1[ To see this, we let D = {x} and U a 
neighbourhood of x in X with a coordinate z centred at x. Then, in the notation 
of Definition 15. 11 a = z and ^^dz G ^\c{x) is first sent to [dz ® l) (8) ® l) and 
then to / mod Ix = fiO), which is equal to the ordinary residue of ^^dz. 
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Proposition 5.3. Let p : X — > S be a smooth map as above, t : S — > X a section 
of p and g : S' — > S any morphism. Let X' — X Xs S' and i' : S' — > X' be the 
section defined by the universal property of pull-backs: 




and D' — i'{S'). Then the following diagram is commutative: 



^'x'/s'iDl — >On' 



where the vertical arrows are canonical isomorphisms. 

Proof The problem is local, so we can assume, without loss of generality, X — 
Spec{B),X' = Spec(i?'), S = Spec{A) and S' — Spec(y4'). Then, we have a Cartesian 
diagram of rings and ring homomorphisms 




where B' = B®a A', p'*{a') = l0a' and f*{b) = b0l. Denote C := B/keT{i*) and 
C" := i?'/ker(z'*) then we have an isomorphism of C'-modules C B' — > C . 

Let d : B ^ VIb/a and d' : B' ^ ^b'/A' be the universal derivations from the 
definition of Kahler differentials. By the universal property we obtain a uniquely 
determined 5-module homomorphism ^Ib/a — ^ ^b'/A' and an induced S'-module 
isomorphism f* ^b/a®b B' — > ^b' /A' making the following diagram 



B ^ ^B/A y ^B/A ®B B' 

f* 

B' > ^B'/A' 
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commutative, in particular f*{d{h) (g) l) = (6)). Moreover, we have a canonical 

f u \ f*(u) 

homomorphism flj : M ®b B' — > M' , given by I — (g) 1 j = -^tttv where 



M 



e ^1 C Q{B) and M' 



^; e 5' I C Q{B') 



We know that the C-module ^Ib/a^C is generated by the single element d{a) ® 1. 
Hence the commutativity of the diagram 



{^B/A ®B 5') ® (M ®B 5') 

Qw/A' (8) M' 



can be checked on elements of the following form: 



{d(a) (g) 1) (g) (I (8) 1) 



^C®bB' 



nu). 



and the proposition is proven. 



□ 



5.2. On the sheaf of relative differential forms of a Gorenstein fibration. 

Let p : X — > 5" be a proper and flat morphism of relative dimension one, either in 
the category of complex analytic spaces or of algebraic schemes over an algebraically 
closed field k of characteristic zero. Assume additionally that for all closed points 
s e 5* the fibres Xg are reduced and we have an embedding 

X^ >Y 




S 

where q : Y — > 5" is a proper and smooth morphism of the relative dimension two. 

Remark 5.4. Since for any s E S the surface Yg is smooth and Xg C Yg has 
codimension one, the curve Xg has hypersurface singularities and is in particular 
Gorenstein. 

Recall that for any morphism q we have an exact sequence 

q — ^ — ^ ^Y^/s — ^ ^ 



VECTOR BUNDLES AND YANG-BAXTER EQUATIONS 39 

and that ^y/g is a locally free Cy-module of rank two, because g is a smooth 
morphism. 

Definition 5.5. The relative dualizing sheaf is defined by the formula 

u;x/s:= (A' n'y/s^OyiX))\^. 

Proposition 5.6 (see Chapter II in [6J). For any s & S the sheaf ux/s\xs is the 
dualising sheaf of the projective curve . 

Remark 5.7. It can be shown that up to the pull-back of a line bundle on S this 
definition of ujx/s does not depend on the embedding X . 



Let X be the regular locus of p, then j : X — ^ X is an open embedding and the 
morphism X S is flat but in general not proper. Our aim is to define an injective 
map of Ox-modules cl^ : tox/s — ^ ^*(^)t/s'^' 

For a closed point x G X let f/ C F be an open neighbourhood of x and 5*0 an 
open neighbourhood of f{x) in S. Choose local coordinates (m, v, s) on U such that 
we have a commutative diagram 



(C^ xSo) =U 



X 
pr 



So 

where pr(M, v,s) = s and du\j^ ^ 0, dv\j^ ^ 0. Assume that the closed subset X nU 
is given in U by an equation f{u, v, s) = 0. Then 



5/ , 5/ , 
— + —dv 
ou ov 



0. 



X 



where the left-hand side of this equality is viewed as a local section of Vl\ 



x/s' 



Consider the composition map t:X^X — >Y. 

Definition 5.8 (see Section II. 1 in [Qj). The Poincare residue map is the morphism 
of Cy-modules 



res^ : ^^Q}Y/s{X) — > 



x/s 



locally defined as follows. Let U C y be an open neighbourhood of a; G X as above 
and V := U n X , then the map 

res^ : T{U, A^nl^/giX)) T{V, n\ ) = T{U, i^n)^,^) 
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is given by the formula 



hdu A dv 
1 



hdu 




if 


dl 


dj 


V 


dv 


hdv 




if 


dl 


duf 


V 


du 



[u,v,s) ^ 0, 



Remark 5.9. Since for any point s & S the fibre Xg is a smooth curve, the set 
V{f, duf, dyf) C is empty and the map res''^ is well-defined. Moreover, res-^ is 
independent of the choice of a local equation / G Oy{U) for X C y and also of the 
choice of local coordinates {u,v, s) on Y, see for example |El Section II. 1]. 



From what was said above it follows: 

Corollary 5.10. The commutative diagram of Oy -modules 








induces an injective morphism of Ox^fnodules 

ds : ujx/s = A'^nLsiX) 



X 



X/S' 



-^0 



Remark 5.11. In what follows the morphism cl^ will be called the class map. 
For a Gorenstein projective variety X of dimension n let Aix denote the sheaf of 
meromorphic functions on X. Angeniol and Lejeune-Jalabert construct a morphism 

^Ix — ^ ^x which induces an isomorphism ® A^x f^x ® -Mx, also called 
"class map", see [3]. The relationship between this class map and the class map 
from Corollary 15. 101 will be discussed elsewhere. 

The following proposition can be shown on the lines of j6l Section II. 1]. 

Proposition 5.12. Let p : X — > S be a Gorenstein fibration of relative dimension 
one satisfying the conditions from the beginning of this subsection. If g : S' — > S 
is any base change, we obtain the Cartesian diagram 

X'^X 
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Then, the following diagram is commutative 
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fids) 



X 



X' 



where the upper horizontal isomorphism is canonical and the lower one is induced 
by the base-change property. 

The reason to introduce the map cl^ is explained by the following proposition. 

^ S be as in Proposition 



jt*^\r the class map constructed in 

Xt 



Proposition 5.13 (see Proposition 6.2 in [6J). Let p : X 
\5.1^ t E S a closed point and cl^ : - 
Corollary \ 5. lOi . Then we have: 

(1) If the fibre Xt is smooth, then the image o/cl^ is the sheaf of holomorphic 
differential one-forms on Xt. 

(2) In the case Xt is singular, the image of dt is the sheaf of Rosenlicht's dif- 



ferential forms, see Definition 3.4 ■ In particular, im(clj is a sub sheaf of the 
sheaf of meromorphic differential one-forms on Xt regular at smooth points 
ofXt. 



The following definition is central for our construction of associative geometric 
r-matrices. Let p : X — >■ 5" be flat and proper morphism such that 

• All fibres Xt, t E S are reduced projective Gorenstein curves. 

• There exists an embedding 

X^ >Y 




S 

where q : Y — > 5 is a proper and smooth morphism of relative dimension two. 

Definition 5.14. Let j : X — > X be the inclusion of the smooth locus of p, 
I : S — > X a section of p and D = t{S). Then the residue map 

res^ : iUx/s{D) ^ On 

is defined as the composition of the class map cl^. from Corollary 15.101 and the residue 
map for smooth morphisms of relative dimension one from Definition 15. 1[ 

Remark 5.15. If 5 is a point, X a complex curve and D = {x}, the residue map 
in Definition 15.141 fits as the top horizontal arrow into the following commutative 
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diagram 



^x{x) — 

in which the lower horizontal map is the classical residue map used in the sequence 
fll7l) at the beginning of subsection I4.1[ This follows from Remark 15.21 and Proposi- 
tion EI3 

Propositions 15.31 and 15.121 imply the following corollary. 



Proposition 5.16. Let p : X — > S and i : S — > X he as in Definition \5.14\ 
g : S' — > S be any base change. Denote X' = X x g S' , f : X' — > X , i' : S' — > X' 
the pull-back of i and D' = i'{S'). Then the following diagram is commutative 



f*{ux/s{D)) 



^x'/s'{.D') 



/*(reSo) 



f*{0_ 



D) 





where the vertical maps are canonical isomorphisms. 

5.3. Geometric triple Massey products. Let E — > S be a genus one fibration 
embedded into a smooth fibration of surfaces, i.e we have a commutative diagram 

>Y 



S 



where p is a proper and flat map, for all t G 5* the fibre Et is a reduced projective 
curve with trivial dualizing sheaf and g is a smooth and proper map of relative 
dimension two. 

Let E be the regular locus of p. Assume 5* is chosen sufficiently small, so that 
uje/s — ^E- Fix the following data: 

• A nowhere vanishing global section oj G H^{ijJe/s)- 

• Two holomorphic vector bundles V and W on the total space E having the 
same rank and such that for alH G S* we have: 

Horns, (H, = = Ext],, (H, Wt) . 

Here and in the sequel we denote J-'t = J^Iei for any vector bundle on E. 
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• Two sections /ii, /12 : S — ^ E of p such that for all t E S we have: hi{t) 7^ 
h2(t) and hi(t),h2(t) belong to the same irreducible component of Ef. We 
additionally assume that 

HomE,{Vt{h2{t)),Wt{h{t))) = = Ext],^{Vt{h2{t)),Wt{h{t))). 

The main result of this section is the following theorem. 

Theorem 5.17. There exists an isomorphism of vector bundles on S 



~v,n> 
r, 



',VV f \ 



hinomEiV,W) — > hinomE{V,W) 



such that for any base-change diagram 

E' 



the following diagram is commutative: 




g*hinomE{V,W) 



h[*nomE'{f*V,f*W) 



, ( ~V.W I ^^ 



-/*V,/*W/ /N 



g*hinomEiy,y^) 



h'*nomE'{f*V,f*W) 



where h[,h2 : S' — > E' are sections of p' obtained as pull-backs of hi and /i2- 
The vertical arrows are canonical isomorphisms and the section uj' G H^{uje'/s') is 
defined via the commutative diagram 



f*Oi 



f*^E/S ■ 

Moreover, for any s E S the morphism f'^^lj^)\^(^s) coincides with the morphism de- 
scribing triple Massey products constructed in Section\^ 

Proof. The construction of the morphism f^'^^ is the following. Let = hi{S) and 
D'^ = h[{S), then the exact sequence 



(19) — > uje/s — ' uje/s{Di) 

induces an exact sequence — > W^uje/s — ^ ^uje/s{Di) — ^ W® Cdi — ^ 0. 
Since SxtE{V, W) = and ue/s — ^e, applying the functor HomEiV, — ) we obtain 
the exact sequence 

(20) ^ HomEiV, W) ^ HomEiV, W ® UE/siDi)) HomE{V, W ® O^^J ^ 0. 
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Lemma 5.18. In the notations of the theorem we have: 

p,{namE{V,W)) = R^p,{nomE{V,W)) =0. 

Proof of the lemma. It suffices to show that Mp* (7iom£;(V, W)) = viewed as an 
object of the derived category of coherent sheaves □^^^(S'). Note that a complex 

L 

G D^qPi(S') is zero if and only if for all points t G S* we have: (g) Ct = 0. Since 
the morphism p is flat, from a base-change isomorphism it follows that 

Rp,{nomE{V,W)) ®Ct = RHom^,(H, Wt) = 0, 

where the last equality follows from the assumption Ext^^(V(, WJ = for alH G Z 
and t G ^. * □ 

Hence, applying the left-exact functor p^, to the exact Sequence fl2U]) we obtain an 

isomorphism p^,?iom£;(V, W®co's/s'(-Di)) p^HomE{V,W ®Odi)- Combining it 
with the canonical isomorphisms 

nomE{V,W0OD,) ^ hunoms{hlV,hlW) ^ huhinomE{V,W) 
we obtain an isomorphism 

resl'^ : p,7^oms(V, W ® ujE/siD,)) ^ h\nomE{V, W). 

Moreover, the choice of a global section Oe ^e/s induces an isomorphism 

resj^^H : pMomE{V ,W{Di)) ^ hinomE{V ,W) , 

which we shall frequently denote by res)^^^. 

Remark 5.19. If 5 is a point, E a curve and Di = {x}, this isomorphism coincides 
with the map Tes^''^{uj) from Definition 14.41 if we identify Hom£;(V Cx, W ® C^;) 
with the vector space T-ComE{V,yV)\x- This follows from Remarks I4.3ll5.2l and 15.151 
by comparing the two constructions. 

The construction of another isomorphism 

ev^;'^^''^^ : p,nomE{V,WiD,)) ^ hinomE{V,W) 
is similar. We start with the exact sequence 

(21) Oe{Di - D2) Oe{D^) Oe{Di) ® Od, 0. 

For any Weil divisor D C E we view the line bundle Oe{D) as a subsheaf of the 
sheaf of meromorphic functions AiE- There exists a canonical exact sequence 

ev n 

O^Oe^ Oe{D^) =^ OdADi) 
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inducing an isomorphism — ^ Oe{Di)®Od2- Tensoring the exact sequence (l2Ti) 
with the vector bundle W and applying HomEiV, — ) we obtain an exact sequence 

HomE (V, W(Di - D2)) HoniE (V, 7^oms(V, W ® 0^2) ^ 0. 

By the same argument as in Lemma 15.181 one can show that 

pMoniE (V, - D2)) = R^pMoniE (V, - D2)) = 

which implies that we obtain an isomorphism of vector bundles on S 

^h^^""'^ ■■ P*nomE{V,WiD^)) ^h;nomEiV,W). 

Remark 5.20. If S* is a point, E a curve, Di = {x} and D2 = {y}, this isomorphism 
coincides with the map evy'"^^^^ from Definition 14. 11[ This follows easily by compar- 
ing the two constructions, using the canonical identification of Hom^(V®C3;, W^C^) 
with nomE(y,W)\cc. 

The isomorphism of vector bundles 

^llZ • KHorriEiV^W) h;nomE{V,W) 
is defined by the commutative diagram of vector bundles on S 

pMomE{V,W{Di)) 



i^hi ^ \ cv 



hlHoniEiV, W) — > h*nomE(y, W). 

Remark 5.21. If we drop the assumption that 

Ho^^E,{Vt{h2{t)),Wt{h{t))) = = Ext^^ (H(/i2(t)), >Vi(/ii(t))) 

for all t G S", we still get a morphism ev^^^^^^ but it may no longer be an isomor- 
phism. This is the only change that occurs to the construction. Therefore, in this 
situation we still obtain a morphism of vector bundles 

= ■ hinomE{V,W) hinamE{V,W). 

Remark 5.22. Because p : E S is proper, two nowhere vanishing global sections 
uj,u!' G H^{ue\s) differ by a factor (p = p*{ip) only, where ip G H^{0*g). If a;' = ipu, 
we obtain les^'^ (u') = (p ■ res)^^^(a;) and r]^l^^{^^) = <p ■ '^^l^^^^')- In particular, if 
S' is a point, ip is a. constant factor. 
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Now let US prove the compatibility of f^^^ with respect to base-change. We start 
with the commutative diagram of coherent sheaves on E' 

(22) rOj, ® rO^iD,) /* {u;^/s{D,)) /* (O^J 

^ can ^ S 
, 4- res J-,/ 
Oij, ® 0£;,(Z};) ^^^^^^ > UJE'/S'{D[) > Od'^ 

the right part of which was obtained in Proposition 15.161 Next apply the functor 

p',nomE'{rVJ*W ® - ) : Coh(F) — > Coh(5') 
to the right square, which yields the commutative diagram 

p'jioniE'irv, rw ® riujE/s{Di))) — >p:nomEirv, rw ® roo,) 

p'JiomE' (r V, rw ® ujE'/s'{D[)) > p'^HomE' (/*V, /* W ® Od',) 

in Coh(S"). There is an isomorphism of functors 

rnomE{V,W(ii) -) -^nomEirVJ*W0r{-)) 

between the categories of coherent sheaves Coh{E) and Coh{E'). Composing these 
functors with p'^ and then applying them to the residue map uje/s{Di) — > O^^ we 
obtain a commutative diagram 

p'J*nomE{V, W ® LUE/siD^)) >p'J*nomE'{V, W ® O^O 

p'.nomEirV, f*W ® ncuE/siD,))) >p'JiomE'{rV, f*W ® f*On,). 

Finally, there is a natural transformation of functors g*p^: — > p'^f* (base-change), 
which is an isomorphism of functors on the category of S'-fiat coherent sheaves 
on E. Since both sheaves TiomEiV.W ® UE/siDi)) and TLomE{V,W ® Od^) = 
hi^l-ioms{h\V ^ h\yV) are flat over we obtain a commutative diagram 

g*p,nomE (V, W (g) L^E/siDi)) > g*p,nomE (V, W ® 0^ J 

p'^noniE' (/*V, rw ® UJE'/S' {D[)) > P^nomE' (/* V, /* W 0On'J. 
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Using similar arguments one can show that the following diagram is commutative: 
g*p^'HomE{V,W ^Od,) = — > g*hinomEiV,W) 



p^noniE'irv, rw ®OdO^ h\*nomE'irv, rw), 

in which all arrows are canonical isomorphisms. Composinig the two previous dia- 
grams, we obtain the compatibility of res^^^ with base change, i.e. the commutative 
diagram 

v,w^ 

Q I TGS '1 

g*pMomE{V, W ® UE/siD,)) — > g*hinomE{V, W) 

p'.nomE' (rV, rW ® ujE'/s'{D[)) > h[*nomE' (/*V, 

in which the vertical arrows are compositions of the natural isomorphisms con- 
structed above. If we follow the same steps with the left square in diagram (122|) . we 
obtain the compatibility with base change for res^'^ju). 

In an analogue way, we can show that §v^^ is compatible with base change. This 
proves the base-change property for r^fh^i^)- 

It remains to show that, in case S" is a single point, the relative construction yields 
the same result as the construction in Section [31 This follows from Theorem \A.17\ 
Remark 15.191 and Remark I5.20[ This finishes the proof of the theorem. □ 

^^iji2 ~ ^"^1^2^^) denote the image of r^^^ under the canonical isomorphism 
Horns {hlHomEiV, W), h*r,nomE{V, W)) 

r(5, hinomE{W,V)^h;HomE{V,W)). 
From Theorem 15.171 we immediately obtain the following corollary. 



Corollary 5.23. In the notation of Theorem [5. 1 7| let r/v.w : g* {hlHomE(W,V) 



hinom{V,W)) — ^ h[*nomEif*WJ*V) ^ h'2*nomE'if*VJ*W) be the canonical 
isomorphism of hifunctors. Then we have: 

The following properties of the morphism f"^'^^ are straightforward consequences of 
the naturality of all the morphisms involved in the construction. 
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Proposition 5.24. In the situation of Theorem |5.i7| , the isomorphism r^^ 



IS 



functorial with respect to isomorphisms f : V 
that 



hlHomiV, W) 

hi (cnj{/,g)) 

hinom{V, W) 



-v'.w' 

''hi .ho 



V and g : W — > W , this means 

h;nom{v, w) 

h2 (cnj(/,g)) 

^h*nom{V,W) 



is commutative. Moreover, for any line bundle C on E the following diagram is 
commutative 



hinomE{V,W) 



h\HomE{V ® C,W ® C) 



-Vi8£,W(gi£ 



hinoniEiV, W) 



where the vertical arrows are induced by the canonical isomorphism 
UomEiV, W) ^ HomEiV ® £, W ® £). 

6. Geometric associative t-matrix 

The main goal of this section is to define the so-called geometric associative r- 
matrix attached to a genus one fibration. Throughout this section, we work either in 
the category Ans of complex analytic spaces or in the category of algebraic schemes 
over an algebraically closed field k of characteristic zero. We start with the following 
geometric data. 

• Let E T be a fiat projective morphism of relative dimension one between 
reduced complex spaces and denote by E the smooth locus of p. 

• We assume there exists a section i : T — > E of p. Let S := t{T) C E denote 
the corresponding Cartier divisor. 

• Moreover, we assume that for all points t E T the fibre Et is a reduced and 
irreducible projective curve of arithmetic genus one. 

• The fibration E — ^ T is embeddable into a smooth fibration of projective 
surfaces over T and uje/t — Oe- 

• For our applications it is convenient to assume the fibration E — > T is the 
analytification of an algebraic fibration. 

6.1. The construction. For a pair of coprime integers (ra, d) G N x Z we denote 
by M^/T • AnsT — > Sets the moduli functor of relatively stable vector bundles of 
rank n and degree d. In particular, M^^/r ~ H 

the relative Picard functors 
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and Ms/r = P ]Ct;/x is the relative Jacobian. The assumption that p : E — > T has 
a section is only needed to ascertain that these functors have fine moduli spaces. 

Theorem 6.1. In the above notation we have: 

• The relative Jacobian Pic ^/y is representable by the fibration E T and 
the universal line bundle C = 0^^^^{—A) (g) 7r2(9£;(S), where A G E E 

denotes the diagonal and 712 : E x^ E — > E is the natural projection. 

• The functors Pic'^/y for all d E are isomorphic to each other and these 
isomorphisms are induced by tensoring with the line bundle Oe{^)- 

• The natural transformation of functors det : M^/^ — ^ Pic^ /^^ is an isomor- 
phism. In particular, the moduli functor h/^Ejljl is representable for all pairs 
of coprime integers (n, (i) G N x Z. 

Proof. The first part of this theorem can be found in the second statement is 
trivial. The third part seems to be well-known, see for example [S2] for the case 
of an elliptic curve and [STj for the proof of a more general statement and further 
details. □ 

From now on, by M — ^ T we denote a fibration which, together with a universal 
family V = d) G VB(M x^E), represents the functor M^yr- -^^^ ^ closed point 
t G T we denote by Vt G VB(Mt x Et) the restriction of V to Mt x Et. 
The morphisms p and I induce a morphism C := M Xt M Xt E Xt E — ^ T, from 
which we obtain a Cartesian diagram of complex spaces: 

/ 

M Xt M Xt E Xt E Xt E > E 

q p 

■l g 

C >T. 

Observe that q : M Xt M Xt E Xt E Xt E — > C is again a genus one fibration 
satisfying all the conditions listed at the beginning of this section. 

Definition 6.2. The diagonal map A : E — > ExtE induces two canonical sections 

/ii,/i2: MxtMxtExtE — > M Xt M Xt E Xt E Xt E 

of the morphism q, given by the rule hi{vi,V2; yi, 1/2) = 1, V2; yi, y2, yi) for i = 1,2. 
Let Di be the reduced image of hi. Next, consider the two projection maps 

TTi : M Xt M Xt E Xt E Xt E — > M Xt E, 

given by 7ri{vi,V2; yi,y2, v) = (vi, v) for i = l,2. For any base point x = {vi, V2, y\, yi) G 
M Xt M Xt E Xt E with t = g{x) we denote: 

V^^ := vr*P|,-i(.) = VtlM^E. G VB(i?,). 
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Consider the following closed subsets of the basis C: 

^M = {{vi,V2;yi,y2) &C\vi = V2] and = {{vi,V2\yi,y2) ^ C \yi = y2] 

and their complement B = C \ (Am U A^;). Then we have the induced genus one 
fibration: 



M Xt M Xt E Xt E Xt E 



^E 



Note that the images of the sections hi,h2 : B — > X are disjoint and for any point 
X = (f 1, f2; Z/i, 1/2) G 5 we have: 7!'lV\q-i(x) = "P^^ ^ "^^^ = 7r2'P|g-i(a;)- Occasionally 
we shall use the abbreviation Vj = vr*P|x G VB(X) for i = 1,2. 



Lemma 6.3. The set of points A 
closed analytic subset of B. 



{xeB \ Vi{D 



2)\q-Hx) 



V2{D 



i)\q-^x)} is a 



Proof. Since the morphism q is projective, the sheaf q,nom{Vi{D2) , V2{Di)) IS co- 
herent. Moreover, if V and W are two stable vector bundles on an irreducible 
projective curve Et of arithmetic genus one having the same rank and degree, then 
Homs,(V, W) ^ if and only if V ^ W. Since the sheaf nom{Vi{D2),V2{Di)) is 
locally free, it is flat over B. Therefore, the base-change formula implies that for 
a point X = (f 1, ^2; I/2) G B with t = g{x), after identifying q~^{x) with Et, we 
have: 

qMom{V^{D2),V2iD,))l = Hom^, (ViU,(y2), V2U,(2/i)). 

Therefore, the set A coincides with the reduced support of q^:Ti.om(yi{D2) , V2(-Di)), 
hence it is a closed analytic subset. □ 



Definition 6.4. Let uj G H^{uje/t) be a nowhere vanishing section of the dualising 
sheaf uje/t and /*(ci;) G H^{ujx/b) its pull-back to X. Theorem 15.171 provides us 
with a canonical homomorphism of vector bundles on B (see also Remark 15.211) : 

r = fll^M := rX\'S (/* (^)) : KHonixiV,, V2) hlHomxiV,, V2) 

and a canonical holomorphic section 

r = rll'J^lioo) G hinomx{V2, Vi) ® hlHomxiVi, V2)). 

We call f and r the geometric associative r-matrix of the fibration E T. 

Note that r and r depend on the pair of coprime integers (n, d), the fibration E —>■ T 
and the section u G H^{uje/t) only. Two different choices of a universal bun- 
dle V lead to a canonical isomorphism between the corresponding section spaces 
H^{B, h\l-iomx{y2i Vi) ® hp-Comxiyi, V2)) under which the constructed sections r 
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are identified. This isomorphism may involve an automorphism of the moduh space 
M and the tensor product with the pull back of a line bundle on M (see Prop. EM]) • 
To formulate the base-change property (Proposition 16.51) for the geometric asso- 
ciative r-matrix r, let g : T' — > T be any morphism between reduced analytic 
spaces and 



E' 



r 



f 



the corresponding base-change diagram. From the representability of the functors 
Mi^/T and MS^/'/t' it follows easily that M' := MxtT' with V := iuxf)*V represents 
the functor M^v/t"- Here we denoted hy u : M x^T' — > M the first projection and 

ux f : M' x^i E' — > M Xt E coincides with u x iAe : M' x^ E — > M x^ E under 
the canonical identification M' x^' E' = M' Xt E. 

By X', B' we denote the spaces obtained from E' — > T' in the same way as 
X, B were obtained from E — >■ T. Using g = u x u x f x f x f : X' — > X and 
(jB = u X u X f X f : B' — > B, we obtain the Cartesian diagram 



-^X 



X' 



B'^B. 



Note that there exist canonical isomorphisms 
using the notation of Definition 16. 2[ 



V' 



Proposition 6.5. Let uj G H^{uje/t) ond u' = f*{uj) G H^{u!e'/t') , then the image 
of the section r = rll']^l{uj) G i/°(/i^7^omx(V2, Vi) ® /i^Homx(Vi, V2)) under the 
chain of canonical morphisms 

H\h\nomx{V2, Vi) ® h;nomxiVi, V2)) 

H%g%{hinomx{V2,V,) ® /^*7^omx(Vl, V2))) 

VV1.V2 

H''{h[*nomx'{g*V2,g*Vi) ® h',*namx'{g*Vug*V2)) 

(h'l * cnj (02 /l2 *™j (01 ,02)) 

H^{h[*nomx'{V!2, V[) ® h'2*nomx'{V[, V^)) 
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V V ~ 
is r' = r^V^?{ijii'), where the first arrow is induced by the functor g"^ , the second by the 

canonical isomorphisms of functors g%h* = h'*g* and the third by the isomorphisms 
of vector bundles (pi : g*Vi — > V[, i = 1,2. 

Proof. This proposition is an immediate consequence of Corollary 15. 231 □ 

Corollary 6.6. In the notations as above, let x = (f i, f2; yi, I/2) £ B and t = g{x) G 
T. Let uj G H^{ijJe/t) be a nowhere vanishing section and Ut be its restriction to Et. 
Then the image of the section r = r{uj) under the chain of canonical morphisms 

H\B, hinomxin*V, 7r*P) O hinomxinlV, n*V)) 

can 

H%B, hinomxi-nlV, TilV) ® hlHomxiTrtV, tt^V) ® C^.) 

is the tensor r^^y'J^"^ (ujt) obtained by the construction in Section\^on the curve Et. 
In particular, the section r is non- degenerate on B\A. Equivalently, the morphism 
of vector bundles 

f{uj) : h\nomx{T^lV,T:lV) — > hinomxiTTlV,TT*V) 

is an isomorphism over B \A. 

Remark 6.7. Since we assume the fibration E — ^ T is algebraic, the above con- 
struction yields a meromorphic section r{uj) of the vector bundle 

h\rLom{^lV, nlV) ® hinom{7rlV, n^V) 

over MxtMxtExtE, which is holomorphic on B = MxrpMxTExrpE\(^AM^'AE) 
and non-degenerate on S \ A, see Remark 15. 21[ 

Our next goal is to show that the constructed canonical section r = r{uj) satisfies a 
version of the associative Yang-Baxter equation. For this purpose we need further 
notation. Let 

p)^i : M Xt M Xt M Xt E Xt E Xt E — ^ M Xt M Xt E x^ E 

be the projection ^^^(wi, t^2, ^^3; Z/i, 1/2, 2/3) = {vi,Vj;yk,yi), where I < i ^ j < 3 and 
1 < k ^ I < 3. We also denote by 

T(j : M Xt M Xt M Xt E Xt E Xt E Xt E — > M Xt E 
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the projection given by the formula 7rj(f i, f2, fs; yi, ?/2, 1/3, = {vj]y), where 1 < 
j < 3. Similarly, we have three canonical sections 

hi : M Xt M Xt M Xt E Xt E Xt E — > M x^ M Xt M Xt E Xt E Xt E x^ E 

given by the formulae /^iK, t^2, ^^3, l/i, Z/2, Z/s) = ^-2, W3, 1/2, 1/3, 1 < i < 3. 
The set over which the Yang-Baxter relation will be defined is 

i,j,k,l 

Let r e H^{B,hinom{7r^V,TilV) ® hlHomiirlV , n^V)) be the canonical holomor- 
phic section constructed above. Observe that 

{p%)*{h\nom{TTlV, TilV) ® h;nom{7TlV, 7r;V)) 

^ hinom{n*V, Tf*V) ® h*^nom{n*r, Tf*V). 

Let rli = {p'ii)* r be the pull-back to B C M Xt M Xt M Xt E Xt E Xt E. Then 
we have: 

• is a meromorphic section of h\Honi{nlV, n^V) ® hlHom{n^V, t^^V). 

• r\l is a meromorphic section of h\Honi{TrlV , nlV) ® hp-Com^nlV, n^V). 
Taking their composition, we obtain a meromorphic section ('"i3)^^('"i2)^^ of the holo- 
morphic vector bundle h\Hom{TilV , tiIV) ^hlHom^^V , tt^P) ® /^^7^om(7^^P, ^V). 
In a similar way, two other meromorphic sections {r\^Y'^{r^Y^ and {T^Y^{r\^Y^ of 
this vector bundle can be defined. These sections are holomorphic over B. 

Let X = (fi, V2, V3] yi, 2/2, ys) be a point m. B d M Xt M Xt M Xt E Xt E Xt E 
lying over the point t gT. Because hl'Hom(7r*V,fc*V)\^ is canonically isomorphic 

to Homc('P"''|j,j., lyj,), we may consider r^-'^(x) as an element of the tensor product 
of vector spaces Homc(P^-' ly^., P'^'lj/^.) ® Homc('P^' P''^ and we have a canonical 
isomorphism of vector spaces 



{hlHommV, TflV) (g) hinom{Tf;V, tt^V) ® hinom{TflV, 7r*P)) 



X 



"3 1 



Definition 6.8. Assume E — > T is a genus one fibration which satisfies the con- 
ditions set out at the beginning of Section [6] and fix (n, d) and to as before. We 
call 

(23) {rliririir - {rimrHr + {riinrlir = 

the Yang-Baxter relation. The left-hand side of this equation is a holomorphic sec- 
tion of the vector bundle hlHommV, 7r*P)®/i*7^om(7r*P, 7r*P)®/i*7^om(7r*P, 7r*P) 
over B. 
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Let T be the involution of M XtM XtE XtE which is given by t{vi,V2', yi, 2/2) = 
{V2,vi;y2,yi). We say that r e H° {B , hinom{Ti^'P , ttIV) ® /i^Hom(7r*P, 7r*P)) is 
unitary, if 

(24) r^lf^^ (u) = -T (r^lf^^ {u;)j. 

This means that the section r*(r) is mapped to — r under the composition of the 
canonical isomorphisms 

r*{hinom{TT;v,7viv) ® h;nom{TTiv,7T;v)) ^ 

h;nom{7ilV, TxlV) ® hinom{7r;V, 7r*P) = hXHom{'KlV , 7r*P) ® hlHominlV, n^V). 

The purpose of the following lemma is to use the relations f|T5|) and (fT6|) . which 
were shown for tensors Ty^'y^ on smooth curves in Section [3l in order to prove that 
r satisfies the Yang-Baxter relation fl23l) and is unitary in the case of elliptic 
fibrations with arbitrary fibers. 

Lemma 6.9. Assume E is a genus one fibration which satisfies the conditions 

set out at the beginning of Sectionl^i and fix (n, d) and uo as before. Denote r by 
if constructed from the family E ^ T . Let U d T be a dense subset. Use the 
restriction of uj and the same pair of integers {n, d) to construct the section ru and 
Tt from the induced families E\u ^ U and Et {t}. Then the following conditions 
are equivalent. 

(1) The Yang-Baxter relation (!23l) holds for ru. 

(2) The Yang-Baxter relation (!23l) holds for rx. 

(3) The Yang-Baxter relation (!23l) holds for rt for all t & T. 

(4) The Yang-Baxter relation (1231) holds for rt for all t & U. 
If Et is smooth, the Yang- Baxter relation fl25]) holds for rt. 
Similar statements hold for unitarity ([21]) . 

Proof. Let Bu := B U, Bt := B Xj- {t} and define Bu, Bt in a similar way. Note 
that Bu <Z B is dense. If we apply Proposition 16.51 to the base-change U G T, we 
obtain that r\B,j corresponds (under a certain canonical isomorphism) to the section 
r[7 obtained from the family Eu —>■ U. Similarly, rj^^ corresponds to the section 
obtained from the family Et {t}. 

Let us denote the left hand side of the relation (123!) by Rt, if it is a relation for r^. 
Because the projections p'j^i are compatibel with restrictions to the subsets Bu C B 
and Bu C B, we obtain from the above that RtIbu corresponds to Ru under a 
certain canonical isomorphism. Similarly, Rrlst corresponds to Rt for each t & T. 
In particular, Rt\bu vanishes if and only if Ru does so and the vanishing of Rrlst 
is equivalent to the vanishing of Rt- 

As T is reduced, Rt = is equivalent to Rt{x) = for all x G -B. Similar 
statements hold for Ru and Rt. Because the zero locus of Rt, which is a section 
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of a coherent sheaf on 5, is a closed subset of 5, the equivalence of the statements 
(l)-(4) is now obvious. 

Corollary 16.61 says that the restriction r{u!)\[vi,v2;yi,y2) corresponds to 

under a certain canonical isomorphism. For each x = (fi, f2, fs; yi, 1/25 Z/s) G Bt this 
implies that Rt{x) = is equivalent to ffT^ which was shown to be true in Section 
E] for smooth curves. 

The proofs for unitarity are similar. □ 

Theorem 6.10. (a) For each Weierstrafi curve E, smooth or singular, the sec- 
tion r e H^{B, hinom{7T*V, 7r*P) (g) hlHominlV , 7i*V)) from DefimtionKE 
for the constant family E Spec(C) satisfies the Yang-Baxter relation 
and the unitarity condition [24\ ) for each choice of {n, d),V and uo. 
(b) Let E he a genus one fihration satisfying the conditions from the he- 

ginning of this section. Let uj G H^{uje/t) he a nowhere vanishing differential 
form, {n, d) a pair of coprime integers and V = V{n, d) a universal family. 
Then, the universal section 

r = r{uj)eH^ {B, hinom{7r;V, 7r*P) ® hlHom^-KlV, tt^V)) 

satisfies the Yang-Baxter relation and the unitarity condition [S^ . 

Moreover, r depends holomorphically (and in particular, continuously) on 
the parameter t & T . 

Proof, (a) Let C x — > =: T be the elliptic fibration given by the 
equation zy"^ = — g2xz'^ — g^z^ and let A(5f2, g^) = (7I — 27(71 be the discriminant 
of this family. This fibration has a section {g2,gz) 1— > ((0 : 1 : 0), (5^2, fi's)) and 
satisfies the condition uje/t — Oe- Let u) G H^{uje/t) be a nowhere vanishing 
differential form. 

There exists t ^ T, such that the given curve E is isomorphic to the fibre Et. 
The chosen differential form on E coincides with Uf up to a constant factor. The 
restriction V\MtxEt of a universal family V G VB(M E) is a universal family of 
stable vector bundles of rank n and degree d on the curve Et. 

Using the open dense subset U = T\ AcTm the equivalence of the statements 
(3) and (4) in Lemma 16.91 and the fact that fl23|) and fl2^ are satisfied for smooth 
fibres by Lemma 16.91 we obtain the claim. 

(b) Because each fibre of — *■ T is isomorphic to a Weierstrafi curve, part (a) and 
Lemma [6.91 (2) and (3) imply the claim. □ 

6.2. Passing to Matrices. Our next goal is to pass from the categorical version of 
the associative Yang-Baxter equation (123!) to the one which was studied in Section 
[21 Our construction is based on the choice of a trivialization of the universal bundle 
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V and on the choice of local coordinates on M and E. These two choices can be 
made independently. 

Let o = (mo, Co) G M Xj- E G M Xt E be an arbitrary point, which lies over 
to G T. Consider a small open neighbourhood V G M x^ E of the point o such that 
there exists an isomorphism of vector bundles ^ ■ V\v —-^ V x C"'. 

Let (pij := TTj o hi : M Xt M Xt E Xt E — > M Xt E, Bq := f]lj=i '^i/'i^) and 
O = Ob{Bq n B) be the ring of holomorphic functions on Bq fl B. The isomor- 
phism ^ induces trivializations </3*j(0 • '/'ij'^lBo — ^ Bq x C" from which we obtain 

isomorphisms H^{Bq fl B , hinom{TT*V , 7r*V)) ^ Mat„xn(0). Under the induced 
isomorphism 

H%BQnB,hinom{TT;V,TTlV)0hl'Hom{TTlV,n;V)) ^ Mat„xn(0) ®o Mat„xn(0), 
the section r is mapped to a tensor 

r« = r^{vi, V2\ yi, 1/2) = ^ ay{vi,v2] yi, 1/2) ® Kivi,V2; yi, 1/2) 

V 

in Mat^xnlO) ®o Mat^xnlO), where = a^{vi,V2;yi,y2) and K = ^2; I/2) 

are holomorphic functions on Bq{~\ B. 

Because the fibration p : E —>■ T is smooth at Cq and so also M — » T at mo, there 
exist an open neighbourhood To of to ^ ^ and an open disc D C C such that there 
are open neighbourhoods of cq G E and of mo C M which are isomorphic to To x D 
and such that the following diagrams of complex spaces are commutative: 

E < ^To X D M < ^To X © 



T < ^To T < ^To. 

We assume that V is isomorphic to the fibred product of open neighbourhoods 
of the form To x D, so that V = To x D^. With such V we obtain an isomor- 
phism Bq = Tq X D*^ and the tensor = r^{vi,V2',yi,y2) will be written in such 
coordinates as r^(t;vi,V2;yi,y2) with t E Tq and f 1, f2, l/i, Z/2 ^ H^. We also define 
^0 '■= Clijki {Pki) (-^0) and obtain an isomorphism Bq = Tq x D^. In these coor- 
dinates, we have Vi, ^2, t^s; Z/i, 2/2, 1/3) = {t;Vi,Vj;yk,yi). This equation implies 
that the Yang-Baxter relation (1251) and unitarity fl2^ translate into (jS]) and (jlj) 
respectively. Therefore, Theorem 16.101 (b) implies the following corollary. 

Corollary 6.11. Let E — ^ T be an elliptic fibration satisfying all the conditions 
from the beginning of this section. Letuj G H^{uje/t) be a nowhere vanishing section, 

(n, d) be coprime integers, M = M^j!^ — ^ T be the moduli space of relatively stable 
vector bundles of rank n and degree d, V = V{n,d) G VB(M x^- E) be a universal 
family. Let a = (mo, Cq) G MxtE be an arbitrary point lying overtQ G T and choose 
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coordinates around eo and mo as described above. Finally, let ^ : V\v — ^ Oy be a 
trivialization of the universal family over a neighbourhood V of the point a. 

Then, the tensor r^(t;vi,V2',yi,y2) is unitary (i.e. it fulfils (^) and satisfies the 
associative Yang-Baxter equation (|4]). 

Our next goal is to explain how the tensor depends on the choice of the trivial- 



ization ^. We do not need to choose coordinates here. If Plv 
trivialization of V, we obtain a commutative diagram 

V\v 



C 



X C" is another 




idX(/) 




where 



V X C" - 

{v,y) : V — > GL„(C) is a holomorphic function. 



Proposition 6.12. The solutions and r'' are gauge equivalent and such an equiv- 
alence is given by the function cf). In other words, gauge transformations of the 
solutions of the associative Yang-Baxter equation, which are obtained from a geo- 
metric associative r-matrix, correspond exactly to a change of trivialization of the 
universal family V . 

Proof. With respect to the second trivialization the section r can be written as a 
tensor 



(^^1, ^2; Vu 2/2) = ^ a'^{.vi, V2; yi, 2/2) ® Ki^i, V2; yi, 2/2)- 



The functions a,^ and a'^^ are related by the following commutative diagram: 



(«2,yi) 




Similarly for by and b'^^ we have: 




<t>{u2,y2) 
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These diagrams imply the following transformation rules: 

K = (I>iv2,y2) K (f)-'^{vi,y2). 

This means that the choice of a different triviahzation ( of the universal bundle V 
leads to the transformation rule 

which means that and are gauge equivalent. Conversely, if we start with 
and apply a gauge transformation 0, the same calculation shows that the result is 
where ^ := (id x 0) o ^. □ 

Summing up all results of this section, we get the following theorem, which is one 
of the main results of this article. 

Theorem 6.13. Let E ^ T be a genus one fibration satisfying the conditions from 
the beginning of this section. 




Let M = M^jrp — s> T he the moduli space of relatively stable vector bundles of rank 
n and degree d and V = V{n, d) G VB(M Xj- E) be a universal family on M. We 
fix a nowhere vanishing differential form u) G H^{lje/t)- Let Cq E E and tuq G M 
be arbitrary points and choose coordinate neighbourhoods of the form Tq x D around 
these two points. Let ^ be a triviahzation of V in the corresponding neighbourhood 
of := (mo, Co). Let b = (mo, mo, Cq, Cq) e M M Xt E Xt E ^ Tq x D^. 
Then, we get the germ of a meromorphic function 

r« = (r^";^H^))^ -.{MxtMxtE Xt E, o) Mat„xn(C) ® Mat„xn(C) 

which satisfies the associative Yang-Baxter equation 

r^{t; vi, V2; yi, y2f'^r^{t] vi, v^; y2, y^f^ = 

r^{t; vi,V3; yi, ys)^^r^{t; V3, V2; yi, ^2)^^ + r^{t; V2, V3; y2, ysf^r^it; vi, V2; yi, ysY^ 
and its "dual" 
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r^t; V2, vs; yi, y^f^r^it] v^, v^; yi, ya)^^ = 
r^{t; vi, V2, yi, y2f'^r^{t; V2, V3; yi, y^f^ + r^{t; vi, v^; yi, ysY^r^it; V2, vi, y2, y^f^. 
Moreover, it fulfills the unitarity condition 

r^(t;vi,V2;yi,y2) = -r{r^(t;v2,vi;y2,yi)), 

where T{a <^ b) = h® a. The function r^{t; vi, V2; yi, 1/2) depends analytically on the 
parameter t & T and its poles lie on the hypersurfaces Vi — V2 and yi — y2- 
Different choices of trivializations of the universal family V lead to equivalent solu- 
tions: if ( is another trivialization ofV and (f) = ( o : (M Xt E, o) — > GL„(C) 
is the corresponding holomorphic function, then we have: 

r^ = {(j){t,vi,yi) (g) (p{t,V2,y2))r^{(l){t,V2,yi)~^ ® (p{t,vi,y2)~^). 

Finally, let T' — ^ T he an arbitrary base change. Let E' = E Xt T' T' be the 
induced genus one fibration. Then the corresponding moduli space M' = M^,'j!^, of 
relatively stable vector bundles of rank n and degree d is isomorphic to M Xj-T' . 
Let uj' G H^{u}e'/t') be the pull-back of uj and ^' be the induced trivialization of the 
pull-back V e VB(M' x^/ E') of the universal family V. Let e'^ e E' and e M' 
be points which are mapped to eo and tuq respectively. After choosing coordinate 
neighbourhoods Tq x 1} of eo & E and rriQ G M, we have induced neighbourhoods 
Tq X D 0/ Cq G E' and ttIq G M' so that the morphism between E' and E (and 
between M' and M) is given by g x idio- Then we have 

rH9it);vi,v2;yi,y2) = r^' it;vi,v2;yuy2) 

for all t G Tq and all vi,V2,yi,y2 G D. In other words, the tensor r^{t;vi,V2;yi,y2) 
is compatible with base change in the variable t. 

6.3. Comment on reducible curves. The developed theory of the geometric r- 
matrices can be generalized literally to the case of reduced but reducible curves of 
arithmetic genus one with trivial dualizing sheaf. In this subsection we discuss some 
necessary technical results which are not yet available. 

Throughout this section, £^ is a reduced projective curve with trivial dualizing sheaf. 

• If is smooth then it is isomorphic to an elliptic curve. 

• Assume E is singular with singularities of embedding dimension equal to two. 
Then Kodaira's classification of degenerations of elhptic curves implies that 
E is either a cycle of m projective lines (type 1^), a cuspidal cubic curve 
(type II), a tachnode curve (type III) or a configuration of three concurrent 
lines in a plane (type IV). 

• However, the class of reduced genus one curve with trivial dualizing sheaf is 
larger. For example, a generic configuration of m concurrent lines in P"*"^ 
for m > 4 is such a curve. 
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Let IT : E ^ Ehe the normalization of E and E = EiU- ■ - UEm be the decomposition 
into irreducible components. If E was not smooth, then Ei = for all i. For a 
vector bundle J-" on E we define its multi- degree to be 

deg(^) = gZ™ 

where di{J-') = deg(7r*(jF) | ~ ). The following lemma can be shown in the same way 
as Lemma [9.61 

Lemma 6.14. Let J-" be a vector bundle on E. Then we have: 

= h\j^) - h\j^) = deg(^) := d,{J^) + ■■■ + dm{T). 

For fixed n G Z+ and d G Z*" denote by Spl''"''^^(i?) the category of simple vector 
bundles of rank n and multi-degree <d. Then we have the following result. 

Theorem 6.15. Let E be a reduced plane cubic curve. 

• If is a simple vector bundle on E then gcd(rk(jF), ;\;(JF)) = 1; 

• If <d= {di, d2, ■ ■ ■ , dm) satisfies gcd(n, di + ■ ■ ■ + dm) = 1, then the functor 

det : Sp|("'^H^) — ' P'iC^iE) 

is an equivalence of categories. In particular, for any pair 
such that T' ^ T" we have WomE{T\T") = 0. 

The case of a smooth curve E is due to Atiyah [5]. A proof for the irreducible 
singular WeierstraB cubic curves can be found in p!7] (nodal case) and [T3] (cuspidal 
case), see also Section [91 The remaining cases, i.e. the Kodaira fibers of type I2, I3, 
III and IV, were considered in a recent paper of Bodnarchuk, Drozd and Greuel |12j . 

Conjecture 6.16. Let E be an arbitrary reduced projective curve with trivial 
dualizing sheaf and m irreducible components. Then we have: 

(1) The description of simple vector bundles on E given in Theorem 16.151 remains 
true: the rank and degree of a simple vector bundle are coprime; a simple 
vector bundle is determined by its rank and determinant; for given n and 
d = {di, . . . ,dm) satisfying gcd(?T,, cii + ■ ■ ■ + dm) = 1, the category Spl''"'''^^(-E) 
is equivalent to P\c'^{E), in particular, it is non-empty. 

(2) For any pair (ra, d) G Z+ x Z™' as above, there exists an auto-equivalence 
F G {To, P'\c{E), [1]) ofthe derived category D''(Coh(E)) inducing an equiv- 
alence between Spl*-"''^''(-E) and the category of torsion sheaves of length one 
supported at the regular part of a single irreducible component of E. 

(3) Consider the functor M^^'"^^ : Ans — > Sets given by 

-^Uxm G Sp|("'^)(E) for all t G t} / ~ 



|^(n,d) 



(T) = {-^ e VB(E X T) 
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where T\ ~ T2 if and only if there exists L G Pic(T) such that T\ = 
T2 ® Wt{I^)- Then M^'"* is isomorphic to HomAns( - , G), where G = C* for 
a cycle of projective lines and G = C in the other cases. 

A proof of the first part of this conjecture in the case of cycles of projective lines was 
recently announced by Bodnarchuk and Drozd. Note that in this description 
of simple vector bundles in terms of etale coverings is also known jl8j . 

Let E^, be an irreducible component of the curve E. Provided a universal family 
P(n, d) G VB(_E X G) of simple vector bundles of rank n and multi-degree d does 
exist, one can proceed in the same way as in the present section to end up with a 
solution r^'*^'*^ of the associative Yang-Baxter equation with all the properties of 
Theorem I6.13[ 

Conjecture EUG] is closely related to the study of moduli spaces of Simpson stable 
sheaves on degenerations of elliptic curves, see recent papers by Hernandez Ruiperez, 
Lopez Martm, Sanchez Gomez and Tejero Prieto [35], and Lowrey [13]. 

Conjecture 6.17. Let E be as in Conjecture 16.161 and (ti, d) G Z_|_ x Z™ be such 
that gcd(?T,, (ii + ■ ■ ■ + dm) = 1. Then there exists a polarization H of the curve E and 
a Hilbert polynomial p{t) G Q[t] such that all simple vector bundles of rank n and 
multi-degree d are Simpson-stable with Hilbert polynomial equal to p. Moreover, 
the moduli space M^in, d) is an open and dense subset of an irreducible component 
of the moduli space M{p) of Simpson-stable sheaves with Hilbert polynomial p. 

Since the exact combinatorics of simple vector bundles on reduced projective 
curves with trivial dualizing sheaf is still to be clarified and their relationship to 
Simpson-stable sheaves is not completely clear, we postpone a discussion of possible 
generalizations of the results of Section [6] to a future publication. 

7. Action of the Jacobian and geometric associative t-matrices 

Let E = V {zy^ — 4:X^ + g2xz'^ + g^z^) C be a WeierstraB cubic curve and denote 
by E the regular part of E. Let e G -E be any point. In this section we are dealing 
with a single curve, not with a family of curves. 

Fix a pair of coprime integers (n, c?) G N x Z and let (M, V) be a pair which 
represents the moduli functor In the previous section, we have shown how to 

construct a tensor r^(?7i, ^2; yi, 2/2) satisfying the associative Yang-Baxter equation. 
In order to do so, we had to choose a point m G M, a trivialization ^ of P over a 
neighbourhood of (m, e) and coordinates around e G -E and around m G M. 

The main goal of this section is to show that it is possible to choose coordinates on 
M such that the associative r-matrix is gauge equivalent to a solution r'^ depend- 
ing only on the difference v = V2 — vi oi the "vector bundle" spectral parameters. 
More precisely, we are going to prove that there are coordinates on M and there 
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exists a gauge transformation : {^fyy),^) GL„(C) such that the function 

r''i^u^2;yuy2) = (0K,yi) ® 0(^^2,i/2))r^K,^^2;2/i,y2)(0(?^2,yi)"^ ® 0(^1,1/2)^^) 

is invariant under transformations (^1,^2) ^ {vi + v,V2 + v). In other words, there 
exists a triviahzation ( of the universal family P in a neighbourhood of the point 
(m, e) & M X E such that we have 

r'^ivi + v,V2 + v; yi, 7/2) = V2; yi, y2)- 

For simplicity of notation, we shall write ^'''(f 1, ^2; Z/i, I/2) = r''{vi — V2;yi,y2) = 
r^{v]y 1, 1/2), where v = vi — V2. As it was explained in Section [2], the tensor 
r''{v; yi, ^2) satisfies the quantum Yang-Baxter equation and defines interesting first 
order differential operators. 

The key idea to find such a distinguished triviahzation ( is to study the behaviour 
of the geometric r-matrix under the action of the Jacobian J on M. The coordinates 
on M are obtained from an isomorphism M — > J and a surjective homomorphism of 
groups C — > J. Using the isomorphism M — > J only, allows to give a coordinate 
free description of the "dependence on the difference of the v", because J has 
the structure of a group. The coordinates are used because they link the general 
discussion of this section with the explicit calculations of the subsequent sections. 

The functors Me''^\ Eic^ and Pic^ are representable. Let {M,V), {J,C) and 
{J'^,C^'^^) be spaces with universal families which represent these functors, so that 
we have isomorphisms of functors as follows 

^ . ^ Mor(-,M), 

(3:Pjc% — >Mor(-,J) and Z?'^ : Pjc^ — ^Mor(-,J'^). 

Recall that the product F x G : Ans — > Sets of two functors F, G : Ans — > Sets is 
defined by (F x G){S) = F{S) x G{S). Because the tensor product of a stable vector 
bundle of rank n and degree d with a line bundle of degree zero is again a stable 
vector bundle of rank n and degree d, the Jacobian acts on the moduli space. On 
the functorial level, this action is described as a natural transformation of functors 

which is defined as Zgi^A/jJ-") = Af ® J-" for any complex space S, any line bundle 
A/" G Pic^(S') and any vector bundle JF e M^^''''\S). The natural transformation 
r induces a morphism of complex spaces t : J x M — > M making the following 
diagram commutative 

Pic^ X M&''^ — ' Mor( - , J) X Mor( - , M) > Mor( - , J x M) 



mJ''^) > Mor( - , M). 
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The unlabelled horizontal arrow is the isomorphism which results from the universal 
property of the product of two complex spaces. The morphism J x M M 
corresponds to the natural transformation r^, using Yoneda's Lemma 

Hom(Mor( - , J x M), Mor( - , M)) ^ Mor(J x M, M). 

The following lemma describes the equivalence class of vector bundles on J x M 
which corresponds to the morphism r G Mor( J x M, M) under ajxM- 

Lemma 7.1. Denote f := r x id^; : J x M x E — > M x E and let p, g, t be the 

natural projections 

J X M X E 




M X E J X E J X M 

Then p*V ® q*C ~ f*V, i.e. there exists a line bundle M G Pic(J x M) such that 

p*V ® q*C ® rTV ^ f*V. 
Proof. Note that we have the commutative diagram 

Mor( J X M,J)x Mor( J x M, M) 



f3xa 



Pk%{J X M) X M^^''^\j X M) 



TJxM 



Uf''\.JxM) 



<^JxM 



Mor( J X M,.J X M) 



Mor(J X M,M) 



Since (id jxm) = T*(idAf) 



Mor(M,M). 



r, we obtain: p*V ® q*C ~ (r x id£;)*'P. 



□ 



Let denote the neutral element of J and recall that we have chosen e E E and 
m G M. Lemma 17.11 implies that there exist open neighbourhoods a E J' J 
and m G M' C M such that q*C ® p*V\j'xM'xE = t*V\j'xM'xE- The following 
proposition is crucial. 

Proposition 7.2. Let E be a Weierstrafi cubic curve, M = M^j^''^^ be the moduli 
space of stable vector bundles of rank n and degree d and J the Jacobian of E. 
Then there exist open neighbourhoods a E J' J and m G M' C M, trivializations 
^ ■'P\m'xE' — ^ ^M'xE'' V ■ ^J'xE' — > ^j'xE' ^'^^ isomorphism 

if : q*C0 p*V\j'y,M'xE ^ r*V\j'y,M'xE, 
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such that the following diagram in the category of vector bundles VB( J' x M' x E') 
is commutative: 

(g L^-p V)\jiy:M'xE' > r V\ji^M'xE' 



q*{C\j>^E') ®P*{V\m'xE') 

'xM'xE' 'xM'xE' 
mult 

^J'xM'xE' 



f*{V\M'xE') 



In 



^J'xM'xE'^ 



where In is the identity morphism. 

Proof. This proposition follows from a case-by-case analysis made below for each 
of the three types of WeierstraB cubic curves, see Proposition 18.111 and Theorem 
MM □ 

Remark 7.3. Note that we require the existence of a global isomorphism ip on the 
whole space J' x M' x E, although the condition on if is local. The necessity of 
these assumptions is explained in the course of the proof of Theorem 17.51 which is 
one of the main results of this article. 

To describe the correct coordinates on the moduli space M, we use a canonical 
isomorphism M — > J'^ and a non-canonical one J — > J'^, which depends on 
the chosen point e & E. To define the canonical one, which is given by taking 
the determinant bundle, recall from Theorem 16.11 that we have an isomorphism of 
functors det : M^^''^^ — > Pic*^. Using a and (3'^, it defines an isomorphism of complex 
spaces det : M — ^ J'^, such that det* C^'^^ ~ det(P). 

Lemma 7.4. The following diagram is commutative 

.J X M M 



id 7 X det 



det 



d 



JxJ' 

where a : J x J'^ — > J'^ corresponds (with the aid of (3 and (3'^) to the natural 
transformation of functors g_ : Pic^x Pic^ — . Pic| which sends (£', £") to 

Proof. This result follows from the isomorphism det {C® J^) = C®"' ® det (JF) , where 
JF is a vector bundle of rank n and C a line bundle. □ 
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The second isomorphism, : J — > J"^, is defined by taking the tensor product 
with OE{de). More precisely, on functorial level, it is given by 

t%{M)=M®Os^E{d{Sx{e])). 

This gives us a commutative diagram 

(25) JxJ^^J 



in which a' is defined on functorial level by the same formula as a in Lemma 17.41 
Finally, recall that the Jacobian J = Pic'^(£') has the following description: 

{C/r if E is elliptic, 

C* = C/Z if E is nodal, 
C if E is cuspidal. 

In particular, in all three cases we have a surjective homomorphism of Lie groups 
TTj : C — > J. We combine ttj with the two isomorphisms det : M — > J'^ and 
: J — > J'^ to obtain a local isomorphism tvm '■ C — > M, which gives us local 
coordinates on M. This local isomorphism sits in the commutative diagram 

C X C >C 

J X M > M, where a{a, b) = na + b. 

It is obtained by combining diagram fl25|) with the one in Lemma 17.41 and the local 
isomorphism ttj : C — > J, which is a homomorphism of groups. 

Theorem 7.5. Let E be a Weierstrafi cubic curve, E its smooth part, {n,d) G 
N X Z a pair of coprime integers, M = M^''^^ denote the moduli space of stable 
vector bundles of rank n and degree d and J = P\c^(E) be the Jacobian of E. 

Let V\m'xE' —-^ ^M'xE' ^ trivialization satisfying the conditions of Proposition 



7-4 Then there exist coordinates on M' and on E' , such that the corresponding 



associative r -matrix r^(t>i, V2;yi, ^2) satisfies 

r^{vi +v,V2 + v;yi,y2) = r^(f 1, ^^2; Z/i, 1/2)- 

Proof. Introduce the following notation. As in the previous section, for z = 1, 2 let 

TTi-. MxMxExExE — > M x E 
be the canonical projections ni^vi, V2; yi, 2/2; u) = (^i, u) and let 

hi-.MxMxExE — >MxMxExExE 
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be the canonical sections, given by i, ^2; Z/i, I/2) = {vi, V2;yi, 1/2', yi)- Let 
tt: JxMxMxExE — > M x M x E x E 

be the canonical projection and 

f: JxMxMxExE — > M x M x E x E 

be the "diagonal" action of the Jacobian J, which is given by f ((7; t>i, t>2; yi, 2/2) : = 
(T{g,vi),T(g,V2);yi,y2) ■ Let f = f x id^; and tt = vf x id^; be the morphisms 

f,7r: J X M X M X Ex Ex E — >MxMxExExE, 

q: JxMxMxExExE — > J x E the canonical projection. Finally, for i = 1, 2, 
define the projections 

Tii := TTiOTT : J X M X M X E X E X E — > M x E 

and the sections 

hi := idj X hi : J X M X M X E X E — >JxMxMxExExE. 

Using Theorem 15.171 and Proposition 15.241 we obtain the following commutative 
diagram of vector bundles on the complex manifold U := J' x M' x M' x E x E 



7t*hinom{7TlV,n;V) 

can 

hinom{TflV, Tf*V) - 



h-i .hn 



hinom{T^lV ® q*C, n^V q*C) 

K (cnj((pi,<^2)) 

hlHom{f*TTlV,f*TT*V) 



hi,h2 



7r*h*nom{7ilV,7i*V) 

can 

hirCom^T^lV, TxlV) 



> hinom{nlV ® q*C, fc^V q*C) 

H (cnj(ipi,<^2)) 



hinom{f*nlV, f*n*V) 



^f*hinom{7rlV,n*V). 

^ f*n*V are 



In this diagram, the isomorphisms of vector bundles (fi : q*C <S) 7r*P - 
defined as follows. For z = 1, 2 let 

Pi-. J' X M' X M' X E X E X E — > J' x M' x E 

be the natural projection pi{g\ vi, V2; yi, 1/2; y) = {g, Vi, y). Let ^ : PIa/'xE' ^ ^Ip^^, 



be a trivialization and (p : q*C<S)p*V\ 



J'xM'xE 



T*'Pj'xM'xE an isomorphism, both 
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satisfying the conditions of Proposition I7.2[ Then we set (pi to be the composition 
of morphisms of vector bundles on U x E 

q*C ® 7r*V ^ p*{q*C ® p*V) p*f*V ^ rn*V. 

Note that the commutative square which involves the 0i is only available if 0i is 
defined on U x E and not only on U x E' . The reason is that res in the definition 
of f would not be an isomorphism on E' (see the proof of Theorem I5.17p . 

Let O denote the ring of holomorphic functions onU' := J' x M' x M' x E' x E' C U. 
With the aid of the trivialization ^, for i = 1, 2 we get isomorphisms 

H\U\rh*nom{TxlV,TrlV)) = Mat„xn(0), 

H'^iU'^rh^nominlV, n^V)) = Mat„xn(0). 

Under these identifications, we can write the morphisms {j^* 

jjo ^^^i^^'r2^j j matrices i and F, such that the large diagram we set up 

earlier in this proof boils down to 

(O) > Mat„xn(0) 



Id 



Id 



Mat„xn(0) > Mat„xn(0), hence f = f. 

That the vertical arrows are identities is a consequence of Proposition 17.21 

If we choose arbitrary coordinates on J',M' and E', we have T{g;vi,V2',yi,y2) = 
r^{vuV2;yuy2) and T'{g;vi,V2;yi,y2) = f^{r{,g,vi),T{g,V2);yuy2)- If we use the 
special coordinates on J' and M' introduce above with the aid of ttj : C — > J, we 
obtain [r^g , vi) , T{g , V2); yi, y2) = r^{vi + ng,V2 + ng]yi,y2). This implies 

f^{vi + ng,V2 + ng;yi,y2) = T{g;vi,V2;yi,y2) = H9;vi,V2;yi,y2) = ^2; Z/i, 2/2), 

which gives the desired property of the tensor r^(t>i, V2;yi, y2)- □ 

Remark 7.6. Proposition 17.21 and Theorem 17.51 remain valid if the open neighbour- 
hoods J' and M' are replaced by the maps ttj : C — > J and ttm : C — ^ M. 
Similarly, by identifying E with and then proceeding as in the case of M , we 
may define a map tte '■ C — >■ E, which can be used instead of E' . The advantage of 
this point of view is that fj, v, yt can be arbitrary complex numbers in the statement 
of Theorem 17.51 whereas, if small neighbourhoods J', M' and E' are used, we have 
to make sure that Vi and Vi + v are in M' and yi & E'. 

Remark 7.7. Unfortunately, we have not found a "conceptual way" to prove Propo- 
sition 17. 2[ without going to a case-by-case analysis. As a consequence, we do not 
know whether this result generalizes to the relative case, when we replace a Weier- 
straB curve E by the WeierstraB fibration zy"^ = — g2xz^ — g^z^ . 
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Motivated by the corresponding result for the classical r-matrices [9j, it is natural 
to conjecture, that the statement of Theorem 17.51 holds for the other pair of spectral 
variables, the "skyscraper" variables (?/i,?/2)- Namely, there should exist coordinates 
on E and a trivialization ^ of the universal family V such that we have 

r^{vi + v,V2 + v\ yi + y,y2 + y) = r^{vi, V2; yi, 2/2)- 

Definition 7.8. Let r{v;yi,y2) G Mat„xn(C) ® Mat„xn(C) be a non-degenerate 
unitary solution of the associative Yang-Baxter equation such that there exists the 
limit f{yi, 2/2) = lim(pr ® pr)r(i;; yi, 7/2)- We say that r is of elliptic type if f is an 

elliptic classical r-matrix, of trigonometric type if f is trigonometric and of rational 
type if f is rational. 

It was shown by Polishchuk \57\ that in the case of elliptic curves one always gets 
an associative r-matrix of elliptic type and in the case of Kodaira cycles a solution 
of trigonometric type. 

Remark 7.9. It is natural to conjecture that for any pair of coprime integers {n, d) 
the geometric r-matrix corresponding to a cuspidal cubic curve always is of rational 
type. 

The goal of the following three sections is to get an explicit form of the geometric 
r-matrix attached to the Weierstrafi fibration zy'^ = 4x^ — g2xz^ — g^z^ and the pair 
(n, d) = (2, 1) at any given point ((72, (73) G C^. 

8. Elliptic solutions of the associative Yang-Baxter equation 

In this section we are going to compute the solution of the associative Yang-Baxter 
equation and the corresponding classical r-matrix, obtained from the universal fam- 
ily of stable vector bundles of rank two and degree one on a smooth elliptic curve. 
In [56l Section 2], Polishchuk computed the corresponding triple Massey products 
using homological mirror symmetry and formulae for higher products in the Fukaya 
category of an elliptic curve. 

It is very instructive, however, to carry out a direct computation of the geomet- 
ric triple Massey products for an elliptic curve, independent of homological mirror 
symmetry. This approach allows us to express the resulting associative r-matrix in 
terms of Jacobi's theta-functions and the corresponding classical r-matrix in terms 
of the elliptic functions cn(2;), sn{z) and dn{z). 

In order to proceed with the necessary calculations we recall some standard results 
about holomorphic vector bundles on one-dimensional complex tori, a description 
of morphisms between them in terms of theta-functions etc. 

8.1. Vector bundles on a one-dimensional complex torus. We start with 
some classical results about vector bundles on smooth elliptic curves. 
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Theorem 8.1 (Atiyah, Theorem 7 in [5]). Let E be a smooth elliptic curve over C 
and V a vector bundle on E. 

• If End£;(V) = C then gcd(rk(V), deg(V)) = 1, V is stable and is deter- 
mined by (rk(V), deg(V), det(V)) G N x Z x i?, where we use an isomorphism 
P\d^{E) = E. 

• If V is indecomposable and m = gcd(rk(\^), deg(V")) then there exists a 
unique stable vector bundle V such that V = V (8> Am, where Am is the 
indecomposable vector bundle of rank m and degree recursively defined by 
non-split the exact sequences 

Am-l ^ Am-^O Al = 0. 

In the complex-analytic case, one can give an explicit description of the stable holo- 
morphic vector bundles on a one-dimensional complex torus. 

Theorem 8.2 (Oda, Theorem 1.2 in [52j). Let E be an elliptic curve and Tin ■ E' ^ 
E be an etale covering of degree n. 

• If V is a stable vector bundle on E of rank n and degree d, then there exists a 
line bundle C G P\c'^{E') such that V = TCn*{jC). Conversely, ifgcd{n,d) = 1, 
then for any C G Pic (E') the vector bundle V = TTn*{C) is stable of rank n 
and degree d. 

• IfC,Afe Pic'^(E') satisfy 7r„,(/:) = 7r„,(7V), then (£ ® A^-i)®" ^ Oe'- 

A very convenient way to carry out calculations with vector bundles on complex tori 
is provided by the theory of automorphy factors, see [17] or [50l Section 1.2]. 

Definition 8.3. Let r G C be a complex number such that Im(r) > 0. The category 
of automorphy factors AFr is defined as follows. Its objects are pairs ($, n) where 
n > is an integer and $ : C — GL„(C) is a holomorphic function such that for all 
z G C we have: $(2; -|- 1) = ^{z). Given two automorphy factors {^,n) and (\E',m), 
we define 



HoniAF. (($, n),{^,m)) = {A:C^ Mat„,xn(C) 



A is holomorphic 

A{z + l) = A{z) 

A{z + t)<!?{z) = '^{z)A{z) 



and the composition of morphisms in AF,- is given by the multiplication of matrices. 
In what follows, we shall frequently denote the object ($, n) of AF,- by $. Note that 
one can define an interior tensor product in the category AF,- induced by the tensor 
product of matrices. 

Let A = = Z © Zr C be the lattice defined hy t, E = Er = C/K the 
corresponding complex torus and vr : C — > the universal covering of E. For an 
object of the category AF^ we define the sheaf of Og-modules and an 

embedding of sheaves m$ : 7^*0^ by the following rule. 
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The open subsets U G E for which all connected components of tt^^{U) map 
isomorphically to U, form a basis of the topology of E. For such U, we let Uq be 
a connected component of 7r~^([/) and denote = •y + Uq for all 7 G A,-. Then 

and we define 



7+1 



The next theorem plays 



By nn$ we denote the canonical embedding C vr^OJ^ 
a key role in our computation of elliptic r-matrices. 

Theorem 8.4. In the notations as above the following properties are true. 

• Let {^,n) be an object 0/ AF^ then the corresponding sheaf £{^) is locally 
free of rank n. 

• The map ($,Ti) ^— extends to a functor F : AF^ — > yB{Er) which is 
an equivalence of categories 

• The functor F commutes with tensor products: (g) ^P) = (8> 

• Let For : AF^ — > VB(C) be the forgetful functor, i.e. For($,'n,) = and 
For(A) = A for any object {^,n) and any morphism A. Then there is an 
isomorphism of functors 7 : vr* o F — > For, where for an automorphy factor 

$ we set 7$ to be the composition 7r*£($) ^ ^"^''^ tt*'k^O^ O^. 

• The natural transformation 7 is compatible with tensor products, i.e. for any 
pair ($,n), (\I',m) of automorphy factors we have a commutative diagram: 



7#ig)* 



7€>'»7* 



mult 



IfiTn '■ Enr E^- is thc ctalc covering given by the inclusion of lattices A„t- C 
A^, then'Kl{8{^)) =£{^), where^{z) := <l>{z + {n-l)T) ■ . . . ■<I>{z + t)<I>{z). 
The direct image 7r„^, m)) = S{^,mn) of a vector bundle S{^,m) is 
given by the automorphy facto'^ 



/ 









L 













\ 





/ 



In particular, if ^{z) is an automorphy factor and A : C ^ GL„(C) is a holomorphic 
function such that A{z + 1) = A{z), then "^{z) = A{z + t)~^^{z)A{z) defines an 
isomorphic locally free sheaf S{^) = i^(^). 



we thank Oleksandr lena for helping us at this point 
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Remark 8.5. There is another way to describe the functor F. Let be an 

automorphy factor then the corresponding holomorphic vector bundle S{^) can be 
defined as the quotient C x C"/ ~, where the equivalence relation is generated by 
{z,v) ~ {z + l,v) ~ (^z + r, Using this description, we have the following 

commutative diagram of complex manifolds 

C X C" > ^($) = C X C"/ ~ 



The natural transformation 7 can be constructed using the fact that this diagram 
is Cartesian. 



Our next goal is to give a description of those automorphy factors which corre- 
spond to indecomposable vector bundles on E. To do this, recall that the holomor- 
phic morphism C — > C* sending z to exp(27riz) identifies C* with C/Z and maps 
r to g^, where q = exp(7rir). Hence, it induces an isomorphism E = <C*/q'^, where 
the quotient is formed modulo the multiplicative subgroup generated by q^. 

Note that in the case of line bundles, automorphy factors are holomorphic func- 
tions if : C — > C* which satisfy (p{z + 1) = ip{z). In what follows we shall use the 
notation J~-{(p) := S{lp). Line bundles of degree zero can be given by constant au- 
tomorphy factors, for example C{1) = Oe- Because the function a{z) = exp(27riz) 
satisfies a{z + 1) = a{z) and a{z + r) = q^a{z) with q = exp(7rzr) as above, the 
constants G C* and q'^ip define isomorphic line bundles on E. In fact, the map 
E ■= C*/q^ — > Pic°(E) sending ^ e C* to C{^) e Pic°(S), is an isomorphism. 

To describe line bundles of non-zero degree, we denote po = ^ ^ ^ = C/A. 
The automorphy factor 

(po{z) = exp(— Trir — 2TTiz) 
satisfies C{ipo) = Oe{po)- To see this, recall that, by definition. 



i7°(£(v9o)) = Hom(£(l),£(v9o)) = ^ : C 



/ is holomorphic 

f{z+l) = f{z) 

f{z + T)=Mz)f{z) 



and that this vector space is one- dimensional and is generated by the basic theta 
function 

O^^zIt) = exp(7rm^r + 2'Kinz), 



ZT 



see for example [19]. It is well-known that 9{z\t) vanishes at po = ^ ■ Moreover, 
this is the only zero in the fundamental parallelogram of A^. Hence, (£((y9o)) — C 
and by the Riemann-Roch theorem the line bundle C{ipQ) has degree one. Moreover, 
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if 0_{z\t) it its non-zero global section then div(^(z|r)) = [po] and hence C{ipo) 
Oe{po)- Because 9 -\ x has its unique zero at x G -E, we obtain 

(26) 



' l + T 

2 



where tl(po{z) := (po{z + x). This gives a complete description of Pic^(£'). 

Finally, any line bundle of degree d can be written as OE{[{d — l)po] + [po — x]) 
for some point x & E. To complete the description of Pic(£'), it remains to observe 
that 

Oe{\po -x] + {d- l)[po]) = C{t:^o ■ vV)- 
Our next aim is to find an explicit family of automorphy factors describing the 
set of stable vector bundles of rank n and degree d on E, where gcd(n, d) = 1. 
Interpreting Oda's description from Theorem 18.21 in terms of automorphy factors we 
immediately obtain the following proposition. 

Proposition 8.6. Let {n, d) E N x Z be coprime. For x G C/(l,r) let (pn,d{z,x) : = 
exp(— Trmdr — 2mdz — 2-Kix). Then the family of automorphy factors 



( 





1 
1 







... 1 

V ^„,d ... / 

describes the set of stable vector bundles of rank n and degree d on E. 

However, these automorphy factors are not compatible with the action of the Jaco- 
bian P\c^{E). In order to overcome this problem, denote = exp ^^^^ and 
let 

/ 1 ... \ 



n 



A 





n 










n ' 



y 

Then y4^^$,„ =: $„ is the following matrix-valued function: 
/ 



(27) $„,d(2;,a;) 






qs. 

n 


. 


. 


\ 




( ° 


1 


.. 


• °\ 








qn . 

n 


. 












1 . . 


. 












= qn 

n 
















. 














.. 


. 1 







. 


. 


) 









.. 


■ 0/ 
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where ipn{z) = exp(— vrmr — 27iiz) and ipn,d = ft- Note that we have the equahty 

exp(-27rzy) ■ ^n,d{^^ ^) = ^nA^, x + ny). 

Lemma 8.7. In the notations as above, for two points x,x' G C/(l,?2r) we have: 
£[^n,d{z,x)) = £[^n,diz,x')) if and only if x — x' G Ar ■ 

Proof. By Theorem I8.2[ the vector bundle £^ := S(^^n,d{z,x)) is stable of rank n 
and degree d for any point x G Enr- By [5l Theorem 7] the Jacobian P\c^{E) acts 
transitively on the moduli space M^^''^'^ . Moreover, 8^ = 8^ ® C for a line bundle 
C G Pic°(E) if and only if = O. For a G C, the line bundle C := £(exp(27rm)) 
fulfills the property = O precisely if na G A^. Observe that ® = 
In particular, it shows that 8^ = for any x G Em- and a,b & □ 

Our next goal is to explain how the language of automorphy factors can be used 
to describe a universal family of stable vector bundles of rank n and degree d on 
E as well as to construct a trivialization of it. In order to do this, we need the 
following generalization of Theorem 18.41 

As usual, let r G C be such that Im(r) > and M be a complex manifold. 
Then we define a category AF^(M), whose objects are pairs where n > 1 

is an integer and $ is a holomorphic function $ : C x M — > GL„(C) such that 
$(2; + l,y) = $(2;, y) for all {z, y) E C x M. For a pair of automorphy factors n) 
and (\E', m) we set 



HomAF4M)($,^) = |c X M 



Mat^xn(C) 



A is holomorphic 

A{z + l,y) = A{z,y) 

A{z + T, y)^z, y) = ^{z, y)A{z, y) 



and the composition of morphisms in AFt-(M) is given by the multiplication of 
matrices. As before, we have a fully faithful functor 

¥m ■■ AF^(M) — ^ VB(E X M) 

mapping an automorphy factor ($,71) to the subsheaf 8{^) of the sheaf tta/^O^^^^, 
where ttm = vr x id : C x M — > E x M. The sheaf 8{^) is defined exactly as in 
the absolute case. Moreover, Fm is dense (hence an equivalence of categories) if, for 
example, M = Ai x ■ ■ ■ x ^ C", where each Aj C C, 1 < z < m is either an open 
disc or C itself. This functor maps the tensor product of automorphy factors into the 
tensor product of the corresponding vector bundles. Next, there is an isomorphism 
of functors 7 : vrj/ o F — > For, where For : AFt-(M) — ^ VB(C x M) is the forgetful 
functor. For an automorphy factor $ the morphism 7$ is the composition 

7rJ^(m<i,) 



TT 



M 



xM 



CxM- 



Let U be an open subset of E such that there exists a connected component U of 
7r^^(f/) which maps isomorphically to U. Hence, vr : U — > U is an isomorphism of 
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Riemann surfaces and the morphism 7$ induces a trivialization of the vector bundle 

S{<^)\uxM- 

It is important to note that the natural transformation 7 is compatible with 
tensor products, i.e. for any pair ($,n) and (\&,m) of automorphy factors we have 
a commutative diagram: 

7r*(^(<l>® ^)) - 
7r*^($) ® 7r*^(^) 



CxM 
mult 



CxM- 



Moreover, any holomorphic map / : M — > N of open domains induces a functor 
/* : AF^(A^) — > AFr{M) mapping an automorphy factor $ : C x iV ^ GL„(C) to 



the automorphy factor /*($) : C x M 
have the following diagram of functors 



idx/ 



Cx N 



GL„(C). In these terms, we 



AF.(iV) 



VB(E X A^) 



(IX/)* 



AF^(M) 
VB(E X M), 



where both compositions (id x /)* o Fn and ¥m ° f* are canonically isomorphic. 

Our next goal is to give an explicit description of a universal family of stable 
vector bundles of rank n and degree d on the complex torus E = E^-. In what 
follows, M = Er stands for the moduli space of such bundles. Consider a pair of 



matrix- valued functions $, \1' : 


C X 


c - 


> GL„,(C) given 




( ° 


1 





... 0\ 












1 


... 




(28) $(2;,a;) = exp(-27rix) 























... 1 














... oy 




where ^n{z) is the same as in 


(EZD. 


As 


in 


Remark 18. 5[ 



'^{z,x) = exp{—27[iz)In, 



S{^, \1') G \/B{E X M) via the following commutative diagram of complex manifolds: 



C X C X C" 



■^(<l>,^) = C X C X C"/ 



C X C 



-^E X M, 
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where the equivalence relation is given by the formulae: 

{z, x; f ) ~ (2; + 1, x; v) ~ (2;, x + 1; v), 
{z, x; f ) ~ (2; + r, x; ^{z, x)v) , 
{z, X] v) ~ [z,x + r; "^{z, x)v) . 
Note that the following equalities are fulfilled: 

'^{z + r, x)(^{z, x) = ^{z, X + t)'^{z, x) 

as well as 

(^{z + l,x) = (^{z,x) (^{z,x + 1) = ^{z,x) 

= 'i'{z,x + 1) = '^{z,x). 

Hence the equivalence relation ~ is well-defined and S{^, \&) is a holomorphic vector 
bundle on x M. Note that for any point xq G M we have: 

In particular, S{^, \E') is a family of stable vector bundles of rank n and degree d on 
E parameterized by the manifold M. By Lemma 18.71 we know that 

(29) £{^,^)\,^^^^^^=£i^,^)\,^^^,^ ^ nixo - x',) e A.. 

Lemma 8.8. Let '■ Et be an Stale covering of degree given by the rule 

fJ^n{x) = n ■ X. Then there exists a universal family V = V{n,d) of stable vector 
bundles on E x M such that vp) ~ (1 x UnYV. 

Proof. We know that M = i?,- is the moduli space of stable vector bundles of rank 
n and degree d. Let Q G \/B{E x M) be any universal family, then by the universal 
property there exists a unique morphism u : M ^ M such that S{^, \E') ~ (1 x u)* Q. 
Since a morphism between two compact Riemann surfaces is either surjective or 
constant, the morphism u is surjective. From the equality fl29l) we obtain that u 
factorizes as 

M >M 





M 

and the induced map z> is both injective and surjective, hence biholomorphic. Then 
the universal family V = {1 x j))*Q G VB(i? x M) is the one we are looking for. □ 

Remark 8.9. In a similar way, the functions if,ip:CxC^C* given by (p{z, x) = 
exp(— 27rix) and ipi^j^) = exp(— 27ri2;) define a universal family 

C = C{^,i)) G P\c{E X J), 

of degree zero line bundles on E = E^ where J = E^ is the Jacobian of E. 
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Lemma 8.10. Let V G VB(i? x M) and C G Pic(_E' x J) he as in Lemma fgTgl and 
Remark \8.9i Then the following diagram is commutative: 



(30) 



C X C' 



J X M- 



where a{a, b) = a+b, tt : C ^ C/(l, r) is the canonical projection andn{z) = 7r{n-z). 

Proof. Recall that the morphism t : J x M —>■ M is uniquely determined by a choice 
of universal families V and C by the following property: the isomorphism 



\Ex{T(a,b)} ~ ^\Ex{a} ^ ' l^x{H 

holds for all points (a, b) E J x E. Consider the morphisms 



P 



E xCx<l 
E xCx 



E X 



IXTT 



ExM, 



^ExC^ExJ 



and 



a : E xCxC 



Ixcr 



E X 



IXTT 



Ex M. 



The commutativity of diagram (I3UI) is equivalent to the fact that q*C ®p*V ~ a*V. 
This is furthermore equivalent that for all (a, 6) G C x C we have: 

The last isomorphism can be rewritten as 

C{ip{a))®S{^-,b)) =S{^- ,a + b)). 
Since for all (a, 6) G CxC we have '^{z, a)-$(2;, b) = ^{z, a+b), the result follows. □ 

Consider the morphisms p, q, f : E x <C x C —>■ E x C, where p = pr^ 3, ^ = P^i 2 

a = 1 X a. We define the morphism q*C{ip) ^p*£{^) a*£{^) by the following 
commutative diagram: 



q*Ciip)®p*£i<^) 



C{q*^)®£{p*^) 



£{q*(p ■ p*^) 



a*£{<^) 



£{a*<i>) 



where all vertical isomorphisms are canonical and corresponds to the morphism 
in the category AF^(C x C) given by the identity matrix J„. In particular, the 
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morphism is identity in the trivializations of p*S{^), a*S{^) and q*C{ip) induced 
by 7$ and •y^. Summing up, we get the following proposition 

Proposition 8.11. Let ^ : C x C — > GU(C) be as in H^j, ip{y) = exp(-27ry) 

and q*C{ip) (S>p*£^($) — > a*S{^) be the morphism of vector bundles on E x C x 
C constructed above. Take small local neighbourhoods in the moduli space M and 
Jacobian J corresponding to small neighbourhoods o/ G C with respect to the 
diagram ^3^). Then the induced trivializations and of the universal families 
V = V{n,d) and C = 7^(1,0) and the morphism are the ones we are looking for 
in Proposition 7^, In particular, Theorem 7.5\ is true in the elliptic case. 

Corollary 8.12. Let f'^^''^^ = (f i, 2/2) be the associative r-matrix obtained 
from the universal family V{n, d) of stable vector bundles of rank n and degree d on 
the elliptic curve using the trivialization ^ = 7$ described above. Then we have: 

~{n,d) / \ ~{n,d) / , , \ 

Tell [Vl,V2]yi,y2) = rl\\ '[Vi+V,V2 + V]yi,y2) 

for all values Vi,V2,v and yi,y2 from a small neighbourhood ofO. 



8.2. Rules to calculate the evaluation and the residue maps. In this subsec- 
tion, we consistently denote the vector space of complex linear maps between two 
complex vector spaces V, W by Lin(V, W). We reserve here the notation Homc( , ) 
for the vector space of morphisms of sheaves on the complex manifold C. 

Let E = Et- he a. complex torus, Qe the sheaf of holomorphic differential one- 
forms and uj = dz ^ H^{Qe) a global section. We fix a pair of coprime integers 
(n, d) G Z+ X Z and let M = M^''^'' be the moduli space of stable holomorphic 
vector bundles of rank n and degree d on E. By V = V{n,d) G \/B{E x M) we 
denote the universal family and by : V\uxM' — ^ ^\uxM' ^ trivialization, as 
constructed in the previous subsection. Recall that these data define the germ of a 
meromorphic function 

f = : [M X M X E X E,o) — > Mat„xn(C) Mat„xn(C), 

whose value at the point (f 1, 1/2), where Vi 7^ Vi and yi 7^ y2, is defined via 
the commutative diagram 



(31) 



HomE{V"\P^'iyi)) 



V"! ,V"2 (y-^) 



cnj(ri,r2) 

Mat„xn(C) — 



f^{vi,V2;yi,y2) 



cnj(ri,r2) 



Mat„x„(C), 
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where les^^^ '^"^ (u) and evj,2 ' are the maps defined in Section H] and the ver- 

tical isomorphisms are induced by the triviahzation ^ of the universal bundle. 

Let TT : C — > C/A,- = be the universal covering, o = tt{0) & E. Take an open 
neighbourhood U of the point o in E such that there exists a connected component 
U of 7i~^{U) which maps isomorphically to U. For the sake of convenience, we 
denote the preimage T^~^{y) G t/ of a point ?/ G f/ by the same letter y. By Theorem 
14.231 we have a commutative diagram 



7r*P"1.7r*T'"2 



(^) 



Homc(7r*P^S7r*P^2pi)) 



'^2 



where Oic{Di) = 'K*OE{yi) is the subsheaf of the sheaf A^c of meromorphic functions 
on C, whose local sections are meromorphic functions having at most simple poles 
along the infinite, but locally finite set Di = + 7 | 7 G A^} = 7r~^(?/i). 

Recall that the description of a universal family V in terms of automorphy factors 
yields an isomorphism of vector bundles 7 : T^lfV — > C^cxM- point t> G M it 

induces an isomorphism 7^^ : 7t*V^ — > Oq. If we apply Lemma [4. 101 and Proposition 
l4.12l to these isomorphisms and use the morphisms res^^^ {uj) and ev^j from Lemma 1431 
and Lemma l4.13l which are given by res^^ (cD) (F) = TeSyj^{Fdz) and eVy^{F) = F{y2), 
we obtain the following commutative diagram 



cnj(7"l,7"2) 



cnj(7''l,7"2pi)) 



Mat„xn(C) 
Mat„xn(0cPi)) 



cnj{ri,7"2) 



-> Mat, 
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The three previous diagrams in this subsection give us another one: 



Mat„x„(C) 



cnj(ri,r2) 



resy^ (w) 



Homc(0£,0£pi)) 

cnj (7"! ,7"2(Di)) OTT* 

Horns (P'^SP-^ (2/1)) 



res,,, 




•P"l,7:'"2{a^) 




cnj(ri,r2) 



Our next goal is to describe the image of the morphism cnj(7'^i ^^'"'^{D{)) o tt*. Let 
'^y{z) = — exp{—2TTiz + 2TTiy — 2TciT). It is easy to see that Hom£;(0, Ci^ipyj) is one- 
dimensional and generated by the section 9_y corresponding to the theta-function 
6y{z) = 6 i^z -\- — ?/| r) . Note that 9y is a holomorphic function on C having only 
one simple zero at y inside a fundamental parallelogram of A^. Hence, we have an 
isomorphism a : OEiy) — > ^ijPy)- 

In order to be more precise, recall that C{iljy) is a subsheaf of the sheaf tt^^Oc. In 
particular, we have: H^[C{ipy)) = C ■ 9y C H^{Oc)- On the other hand, the sheaf 
OE{y) is a subsheaf of the sheaf of meromorphic functions Me and H^(OE{y)) = 
C • 1. Without loss of generality we may assume that H^{a){l) = 6y. This choice 
fixes the isomorphism a. 

Recall that for a point x G M we have: = S{^v), where $t, = ^{—,v) is the 
function defined by the equality fl27|) . Then we have an isomorphism 



and the following diagram is commutative: 

7r*£{^ljy^^^^) 



01 



7^1 07" 



mult 



TT* (a)cg)id 




7i*OE{yi)^n*S{<l> 



V2 J 



where a : 7r*(Cs(yi)) = Cc(^i) — ^ Oc is defined to be a{f) = fOy^, -fV^'"'^ 
corresponds to the automorphy factor ipy-^ ■ 7^^ to ipyi and to $^,2- As a 
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result, we get the following commutative diagram: 

/ \ cnj(7''l,7''2(£>i)) 

Homc(7r*V''\7r*{V''' (g)OE{yi))) ^ ^ Homc(C»g, 

(idi8)a)* 

/ \ cnj(7''i,7''2(£)i)) 

For 

and is given by the formula a^{F) = 

Corollary 8.13. Let O = T{C,Oc), 0(Di) = r{C,Oc(Di)) and 
n;;i.-2 = lm(HomAF.(*.i,^,i$.J Mat,xn(0)). 
Then the following diagram is commutative: 



yi 




Mat„xn(C) 



r^{vi,v2;yi,y2) 



->Mat„xn(C). 



In particular, this gives the following algorithm to compute the value of an associative 
geometric r-matrix of elliptic type at a point (vi, V2] yi, ^2) & MxMxExE with 

respect to the trivialization ^: 

(1) First describe the vector space 

(2) The morphism fesy^ : Mat„xn(0) ^ Matnxn(C) is given by the formula 



F{z) I— > res, 



2/1 



■dz 



F{yi) F{yr 



F\z) _ 



and the morphism evy^ : Mat„xn(0) Mat„xn(C) is given by the formula 
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(3) Compute r^{vi,V2;yi, 112) as the composition 

(resy, (a;)) ev„„ 

Mat„xn(C) ^ ' ^ : Ull'^^ ^ Mat„xn(C). 

Note that there is an ambiguity in choosing the morphism a. Another choice of a 
corresponds to rescaling the section 9y^ by X E C* to X9y^ . However, it is easy to 
see from the algorithm above, that the resulting linear map r^{vi,V2;yi,y2) does not 
depend on this choice. 



(2 1) 

8.3. Calculation of the elliptic r— matrix corresponding to M^' '. Let V^^ 

and V^^ be a pair of non-isomorphic simple vector bundles of rank two and degree 
one on the elliptic curve E = E^, yi and y2 two distinct points. In what follows 
we denote q — exp(7riT), = exp{—nix), e{z) = ex]){—2mz), ip{z) = e{z + r), 
x^X2-Xi and y ^ y2 - yi. 

As we have seen in the previous subsection, one can write V^^ — S(C'^,^2,i,xi{z)) , 
where 

and the line bundle ^^(yi) corresponds to the automorphy factor 

^2/1 (^) = -e{z + T - yi). 



RecaU that n^i'""' 



Aiz) 



u{z) v{z) 
w{z) t{z) 



A{z + l)^A{z), A{z + t)^z) ^ q^ijy,{z)^z)A{z) 



This leads to two systems of functional equations 

u{z + t) = qxi>yi{z)t{z) ( (p{z)v{z + t) = q^'iljy^{z)w{z) 

and < 

t{z + T) = q^ijjy^{z)u{z) [ w{z + t) = q^ip{z)^y^{z)v{z) 
which are equivalent to 

u{z + 2r) = a(z)u(z) ( v{z + 2r) = b{z)v{z) 

u{z+l) = u{z) I v(z+l) = v{z) 

u{z + t) ] ^ , , _ <f{z) 



where 



a{z) — exp ( — 27riT — 27ri ( z H ^ ] ] 



b{z) — exp ^— 27riT — 2ni (-^ + ^ ~ ^^)) ' 
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Lemma 8.14. Let E = Er be an elliptic curve, (fo{z) = exp(— Trir — 2'Kiz), I G 
N. Then H^{C{ipl)) has a basis {9 [f,0] {Iz\It)\0 <a<l,aeZ}, wh ere we use 
Mumford's notation 

9[a, b]{z\T) = y~^exp(7ri(n + a)^r + 2Tri{n + a){z + b)). 

In the particular case of bundles of rank two and degree one it is convenient to 
use instead the four classical theta-functions of Jacobi: 

ei{z\T) = 2q4 ^ sin((2n + 1)7tz) , 

n=0 

1 °° 

e2{z\T) = 2g4 ^ g"("+i)cos((2r2 + 1)77^), 

n=0 

oo 

93{z\t) = 1 + 2 ^ g"' cos(27™;z), 



n=l 

oo 



e^izlr) = 1 + 2 ^ (-l)"g" cos(27mz). 

n=l 



Remark 8.15. In Mumford's notation it holds: 

e,{z\r) = -e [|,|] {z\t) 

e,{z\T)= 9 [0,0] {z\r) 



0^^r) = 9[^,O] {z\t) 

e,{z\T) = e[o,l]iz\r). 



In what follows we shall express all our computations in terms of Jacobi's theta- 
functions. From Lemma 18.141 and Remark 18.151 we immediately obtain: 



Corollary 8.16. If we let 



ui{z) 

U2iz) 



^3 1 2 1^2; - 1/1 + 
h{2(z-y,+ 



X + T 

2 

X + T 



At 
4r 



vi{z) = 93 (2 (^z- 1/1 + I 

V2{Z) = 02 (2 - 1/1 + I 



4r 
4r 



and 



Fdz) 



'uk{z) 







Vkizf 

-Vk{z) 



A; = 1,2, 



then Fi{z), F2{z),Gi{z),G2{z) is a basis ofUy^'^'^. 

The following proposition summarises the main properties of Jacobi's theta-functions 
which we need in our calculation of the associative r-matrix corresponding to the 
universal family of stable vector bundles of rank two and degree one. 
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Proposition 8.17 (see pEj and Section 1.4 in [42j). The transformation rules for 
shifts of theta- functions are given by the table 



9{z) 


e{-z) 


e{z + i) 


e{z + T) 


9{z + 1 + t) 


e{z + ^) 


9{z+^^) 






-e,{z) 


-p{z)e,{z) 


Piz)e,iz) 




iq{z)9^{z) 








p{z)92{z) 


-p{z)d2{z) 


-e,{z) 










p{z)9,{z) 


p{z)e,{z) 




q{^)02{z) 


9,{z) 


e,{z) 


e,{z) 


-p{z)e,{z) 


-p{z)e,{z) 


Osiz) 


iq{z)9i{z) 



where p{z) = exp(— 7ri(22; + r)) and q(z) = exp y—ni yz + ^jj- Moreover, Jacobi's 
theta-functions satisfy the so-called Watson's determinantal identities: 



T 



^3(2x|2r)^2(2y|2T) 


- 93{2y\2T)e2{2x\2T) 


= 01 


[x + y\T)0i 






e,{2x\2T)e,{2y\2T) 


-^i(2y 2r)^4(2x|2r) 


= 02 


{x + y\T)0i 






ei{2x\2T)e4{2y\2T) 


+ ^i(2y 2r)^4(2x|2r) 


= 01 


[x + y\T)02 


[x 




^4(2x 2r)^4(22/ 2r) 


- ei{2y\2T)ei{2x\2T) 


= 03 


[x + y\T)0i 






^4(2x 2r)^4(2?/ 2t) 


+ 0i{2y\2r)ei{2x\2T) 


= 04 


[x + y\T)0s 


[x 


-y\'^)- 



By Corollary 18.161 any element of 11^'^^ '^"^ can be written as a sum 

A{z) = aFi{z) + (3F2{z) + 7^1(2) + 5G2{z) 

for some a,/?, 7,5 G C In order to calculate the geometric associative r-matrix 
r^{xi,X2] 2/1,^/2) we have to solve the system of linear equations 



res 



{A{z)) 



a b 
c d 



Then the linear map r^{xi,X2;yi,y2) '■ Mat2x2 
rule 



c d 



03{y + ^\r 



1 + T I 

2 I 



Mat2x2(C) is given by the 
A{y2). 



It is easy to see that the system of linear equations 

fesy, {aFi{z) + (3F2{z) + ^Gi{z) + 6G2{z)) 



a b 
c d 



and reSy-^ {G{z)) 



b 
c 



splits into two independent systems 

reS|/i(^W) = ( ° 

where F{z) = aFi{z) + (3 F2{z) and G{z) = ^Gi{z) + 6G2{z). 
Computation of the "diagonal terms". The system of linear equations 

W¥\^^^^'^ = ( d 



TeSy,{F{z)) :-- 
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reads as 



Osix + T\4r)a + 92{x + T\4T)i3 
03{x + 3T|4r)Q; + 02{x + 3T|4r)/3 



-e(r + f)^^(i±^|r)d 



By Watson's identity, the determinant of this system is 

93{x + t\At) ^2(x + t|4t) 
es{x + 3T\4T) e2{x + 3T\4T) 



Ai 



9i{x + 2t\2t)9i{-t\2t) = 




Ai 



e{x + t)9i{x\2t)9i{t\2t) 



{92{x + 3T\Ar)a + e(r + ^)92{x + r\AT)d) 
{9s{x + 3T\AT)a + e(T + ^)93{x + T\4T)d) . 



r^{xi,X2;yi,y2) 



a 
d 




93{2y + X + T\4:r) 




03{2y 





- X 



3r|4r) 



e{x/2 + y + T) 



92{2y + X + t\At) 








92i2y + X + 3t\At) 
e{x/2 + y + T) 
where 

p-^(z) = 92{x + 3r|4r)a + e{x/2 + r)92{x + r|4r)d, 
p^i^z) = 9'i{x + 3r|4r)a + e{x/2 + T)9'i{x + r|4r)(i. 

In order to calculate the "diagonal part" of the corresponding tensor r{xi, X2]yi, ^2) 
we use the inverse of the canonical isomorphism 

Mat2x2(C) ® Mat2x2(C) — > Lin(Mat2x2(C), Mat2x2(C)) 

given by the formula X tr(X o —)Y. It is easy to see that under the map 

Lin(Mat2x2(C), Mat2x2(C)) — > Mat2x2(C) ® Mat2x2(C) 



a linear function e.^ 1-^ otfj^ku (^ij ^ corresponds to the tensor afjcji (g) Cki- 
Again, Watson's identities imply: 

• The coefficient at en ® en is 

93{2y + X + t\4t)92{x + 3t|4t) - 92{2y + x + T\4r)93{x + 3t|4t) = 
9,{x + y + 2r\2r)9,{y-r\2r). 

• The coefficient at 622 ® 622 is 

e{-y) {93{x + T\AT)92{2y + x + 3t\At) - 92{x + T|4T)^3(2y + x + 3t\At)) 
^9^ix + y + 2r\2r)9i{y-r\2r). 
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• The coefficient at 622 ® en is 

e(a;/2 + r) {92{x + T\AT)93{2y + x + r) - O^ix + T\AT)92{2y + x + r)) = 

= e{x/2 + r)9i{y + x + T\2r)0i{y\2T). 

• The coefficient at en e22 is 

e{-y - x/2 - r) (^2(21/ + x + 3T\AT)es{x + 3r|4r) -es{2y + x + 3r|4r)^3(a; + 3r|4r)) 

= e(x/2 + T)e,{y + X + T\2T)e,{y\2r). 

Now observe that 

9i{x + y + 2T\2T)9i{y - r|2r) = ie{x + y/2 + 5r/A)9i{x + ?/|2r)^4(l/|2r) 

and 

e(x/2 + T)ei{y + X + r|2r)0i(y|2r) = ie{x + y/2 + 5r/4)^4(x + ?/|2r)^i(y|2r). 
Hence, the "diagonal part" of 0:2; yi, 2/2) is 

C[^i(x+i/|2r)^4(l/|2r)(en®en+e22®e22)+^4(a;+i/|2r)0i(?/|2r)(en®e22+e22®en)], 
where 

C = 

From the identities O^^y + ^^|t) = iexp{—7ii{y + r/4))6'i(?/|r) and 9i{0\t) = it 
follows: O'si^-Y-l'T) = '^6(i)^'(0|T). Using the transformation rules from Proposition 
18371 we get: 





r)e(x + | + f) 


^3(1/ + ^ 


r)Ai 



c 



e[{o\T) 



e[io\r) 



e,{0\2T)e,{x\2T)e,{y\r) 0^^^ 



X 



t)9, iy\T) 



where we have used Landen's transform 

04(O|2r)0i(2a;|2r) = ^i(s|r)^2(a;|r). 

It remains to observe that A{eu (8> en + e22 Cg) e22) + B{eu e22 + e22 ® en) 
1 1 

-{A + B){eii + 622) ® (en + e22) - -{A - 5)(en - e22) ® (en - e22), 



and that by Watson's identities we have 

9,{x + y\2T)9,{y\2r) + 9,{x + y\2r)9^{y\2T) = + ^ | r) ^^2 ( 

and 

9^ix + y\2T)9,{y\2T) - 9,{x + i/|2r)^i(y|2r) = 0^ + ^| r) ( 



X 

2 

X 

2 
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SO the contribution of the "diagonal terms" is 



i e[{0\r) Oiiy + ^\r) 
2e,{y\T) ^i(f|r) 



-h h. 



Contribution of the "skew terms". We have to solve the system of linear 
equations 

' b 
c 



reSy^ {-fGi{z) + 6G2{z)) = 
In explicit form this system reads as 

e3(x + 2r\AT)^ + e2{x + 2T\AT)5 = -e(x/2 - yi)e'-,(^\T)c. 
By Watson's formulas the determinant of this system is 



^3(x|4t) 92{x\iT) 

e3{x + 2r\Ar) 92{x + 2r\Ar) 



-^i(a; + r|2r)^i(r|2r). 



Hence, the solution of this system of equations is 

7 = 9'^{^\r)(92{x + 2T\4T)b + e{x/2-yi)92{x\4:T)c) 
^ = 9's{^\T){9s{x + 2r\Ar)b + e{x/2-y,)9s{x\Ar)c.) 



As a result, we obtain: 



9s{y + ^\T)A2 



X 



r^{xi,X2;yi,y2) 



b 
c 



9s{2y + x\Ar) 

-e(yi-x/2)93(2y + x + 2T\AT) 



where 



92{2y + x\AT) 

52l^J 1^ _e(y, _ x/2)92{2y + x + 2r\4r) 

qi{z) = 92{x + 2r|4r)6 + e{x/2 - |/i)^2(a:|4r)c, 
q2{z) = 93{x + 2r|4r)6 + e{x/2 - yi)93{x\4r)c. 



Again, Watson's identities imply: 
• The coefficient at 621 ® ei2 is 

92{x + 2t|4t)^3(2z/ + x\4r) - ^3(2; + 2r\4T)92{2y + x\4r) 

^{x + T)^9,{x + y\2T)9,{y\2T). 

The coefficient at 612 <8) 621 is 

93{x\AT)92{2y + x + 2t\At) - 92{x\4T)93{2y + x + 2t\At) 
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• The coefficient at ei2 ® is 

e{x/2 - yi){e2{x\4T)e3{2y + x + 2r|4r) - ^3(a;|4r)^2(2|/ + x + 2t\4t)) = 
^e{x/2-y,)e,{x + y\2r)ei{y\2r). 

• The coefficient at 621 621 is 

e(yi - x/2) {e^ix + 2T|4T)^2(2y + x + 2t|4t) - ^2(2: + 2T|4T)^3(2y + x + 2t|4t)) = 

= e(?/2 + x/2 + T)e^{y + x|2T)ei(t/|2T). 
Note that the coefficients of the tensors 612 ® 612 and 621 ® 621 are not functions of 
y = y2 — yi- In order to overcome this problem we take (^{y) = ^ ^^^^-^ r/4) ^ 
and consider the gauge transformation 

r(x;yi,y2) ^ (g) (/>(y2))r(a;; t/i, ^2) «) 0"^(z/2)). 

It is easy to see that the "diagonal tensors" e^k ® eii{k,l = 1,2) remain unchanged 
(and, in particular, this gauge transformation does not influence the final answer 
for the "diagonal terms" obtained before) and the transformation rule for the "skew 
tensors" is the following: 

ei2®ei2 ^ e(f)e(^)ei2®ei2, 

6210 621 ^ 6(-|)6(-^i|^)621 <8) 621, 

612® 621 ^ e(-|)ei2 (8) 621, 
621 612 ^ e(|)62i (8) 612. 

Hence, the new tensor of "skew terms" is 

C[^4(a;+2/|2r)04(y|2r)(62i«)6i2 + 6i2«)62l)+^l(x+y|2r)^l(y|2T)(6i2®6i2 + 62l«)62l)], 

where 





\r)e{\{x + y + r)) 




|t)A2 



9[{0\t) 



eM'^T)e^ix\2T)e^(y\r) 

es{x/2\r)e4{x/2\T)ei{y\Ty 



Using the equality 



01\ /01\ „/0-i\ f -i 
1 

= (A + B)(ei2 621 + 621 612) + (A- B)(e2i ® 621 + 612 612) 
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and Watson's identities 

e^iy + x|2r)e4(2/|2r) + e^{y + a;|2r)ei(y|2r) = e,[y+'^ 

e,{y + x\2T)e,{y\2T) - e,{y + x\2r)ei{y\2r) = 6, (^y + ^ 
it follows that the contribution of the "skew terms" is 



X 



I 0[{0\r) fOsiy + ^lr] 
2e,{y\T] 



where 



a 



^3(f|r) 



-i 

1 



cr (g) cr + 



7 



-7 (g) 7 



1 

1 



In summary, we obtain the following theorem. 



Theorem 8.18. The universal family of stable vector bundles of rank two and degree 
one on an elliptic curve gives the following solution of the associative Yang- 
Baxter equation: 



,(2,1), 



l^'i(0|r) /^i(y+f|r) 



2^i(|/h 



^i(fk) 



■a ® a ^ 



02{y + l\T) 

02{l\r) 



h(g)h+ 



Recall that 



cnu 



0mr)92{z\T) 

e2{o\r)e^{z\r) 



sn{z) 



_ es{o\T)e,{z\T) 

92iO\T)9,iz\T)' 



dn(2;) 



-7 (g) 7 



9,{0\t)9s{z\t) 
^^3(0|r)^^4(^|r) 



and 



9[{0\r) = 92{0\T)9,{0\r)9,{0\r), 
see [12| Sections 1.5 and Section II. 1]. Let f{y) = lim(pr pr)r(x; y) then we have: 



Theorem 8.19. The solution of the classical Yang-Baxter equation obtained from 
the universal family of stable vector bundles of rank two and degree one on a complex 
torus Et is 



r{y) 



1 / cn(y) 



2 \sn{y) 



h®h + 



1 dn(?/) 

7 (8 7 H —(y (X> cr 



sn(?/) 



sn(y) 



Remark 8.20. Note that msx{r{x]y)) = (g 1, hence the tensor rx{y) ■= r{x;y) 
also satisfies the quantum Yang-Baxter equation for x ^ 0. In fact, it is the well- 
known solution of the QYBE which was found and studied by Baxter. 
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Remark 8.21 (see for example Section VII. 3 in [22] )• Let 

Piz) = \+ Y] (t 7^-7 ] r^) 

(n,m)eZ2\{0,0} ' ^ ' ^ 

be the WeierstraB p-function. Then = ) = 'p'Q-^'^ = and |, | and 

are the only branch points of pi^z) in the fundamental parallelogram of A,-. Denote 
ei = 62 = p(f ) and 63 = p(^). Then we have: 

V sn U / V snu / V sn u 



9. Vector bundles on singular cubic curves 

To compute the associative r-matrices coming from the nodal and cuspidal Weier- 
straB cubic curves, we use a description of vector bundles on singular projective 
curves via the formalism of matrix problems [25], see also [El HI]. The purpose 
of this section is to set up a clear language and provide the core technical tools 
necessary for our applications. 

9.1. Description of vector bundles on singular curves. We start with recalling 
the general approach of Drozd and Greuel to study torsion free sheaves on singular 
projective curves ^25j. In our applications, the normalization of the curve will always 
be rational. 

Let X be a reduced singular (projective) curve, tt : X — > X its normalization, 
X := T-Como(^Ti^{Oj^),0) = Anno{T^*{Oj^)/0) the conductor ideal sheaf. Denote 
hj 1] : Z = V(X) — > X the closed artinian subspace defined by I (its topological 
support is precisely the singular locus of X) and hj fj : Z — > X its preimage in X, 
defined by the Cartesian diagram 

(32) Z^X 



v 



The proof of the following lemma is straightforward. 

Lemma 9.1. The diagram ^3M) is also a push-down diagram. Moreover, denote 
u = T]7C = TTfj and consider the following natural transformations of functors: 



j : 


Ix - 






q : 


Ix - 






c : 


7r*7r* — 






m : 


V-i'V* - 
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Then for any vector bundle V on X we have a short exact sequence 

qv / ( cv mv ) 

In order to relate vector bundles on X and X we use the following definition. 

Definition 9.2. The category Tri(X) is defined as follows. 

• Its objects are triples {V,M, m), where V G VB(X), X E VB(Z) and 

m : rAf — > f]*V 

is an isomorphism of O^-modules, called the gluing map. 

• The set of morphisms HomTn(x) ((Vi, A/i, mi), (V2, A/2, m2)) consists of all 

pairs (F, /) , where F : Vi V2 and / : Afi A/2 are morphisms of vector 
bundles such that the following diagram is commutative 

7T*Afl > fj*Vl 

n*{f) fi'{F) 

Remark 9.3. The category Tri(X) is endowed with an interior tensor product: 

(Vi,7Vi,mi) ® (V2,A/'2, tTi2) = (Vi®V2,A/'i®A/'2, m), 
where m is defined to be the composition 

Similarly, we define the functor det : Trin(X) — > Trii(X), where Tri„(X) denotes 
the full subcategory of Tri(X) whose objects (V, A/", m) satisfy rk(V) = rk(A/') = n. 

The following theorem summarizes main results about the category Tri(X) and its 
relations with the category of vector bundles VB(X). 

Theorem 9.4 (Lemma 2.4 in [25] and Theorem 1.3 in [16]). Let X be a reduced 
curve. 

• Let ¥ : VB(X) — > Tri(X) be the functor assigning to a vector bundle V the triple 
(7r*V, ?7*V, mv), where rnv : fr*{ri*V) — > fi*{ii*V) is the canonical isomorphism. 
Then ¥ is an equivalence of categories. 

• The functor ¥ commutes with tensor products: we have a bifunctorial isomorphism 

F(Vi®V2) ^F(Vi)®F(V2). 

Moreover, we have an isomorphism¥odet det oF of functors \/Bn{E) Trii(£'), 
where VB„(i?) denotes the category of vector bundles of fixed rank n. 
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• Let G : Tri(X) 

coherent sheaf 



Coh(X) be the functor assigning to a triple (VjA/", m) the 



V := ker(7r,V©r/,A/' 



(c m) 



where c = is the canonical morphism 7r^,V — > 'n:^fi^fi*V = v^fi*V and m is the 



composition rj^M T]^Tr^:7i*M — > u^tt*/^ 



i>^,fj*V. Then the coherent sheaf V 



is locally free. Moreover, the functor G is quasi-inverse to ¥. 

(-P) 

Being more precise, let V > 7r^,V © r^^A/" be the canonical inclusion. Then the 



morphisms p : 7r*V 



7r*(p) 



7r*7r,V 



(p,q) 



Vandq: r]*V ^ r]*r]^Af 



Af 



are iso- 



(VjA/", m) is an isomorphism in the category 



morphisms and (7r*V, ?7*V, my) 
Tri(X). 

• Let % = {Vi,Afi, mi), i = 1,2 be objects o/Tri(X) and Vi = G(7i). Consider the 
short exact sequences defining Vi = G{Ti): 



0^ V, 
Then the sequence 



-> TT. 



u^r]*Vi 



0. 



^ Vi © V2 7r,(Vi © V2) © v*i^i ® iy,fj*iVi © V2) 



qi'»q2 



>7r,Vi©7r,V2 ^7r,(Vi©V2) 

TT, (can) 



> n^f]*f]*iVi © V2) = z/*r7*(Vi © V2) 



is exact, where 

p : Vi © V2 
q : Vi © V2 

c: 7r,(Vi©V2) 

^ m : ?7,(7Vi © ^2) ^^1^^ r7,^,7f*(M © N'2) z/,r/*(Vi © V2) , 

using m from Remark \9.3[ This means that ( ) g'Zi'es a bifunctorial isomorphism 

ar,,r, ■ ^(^1) © G(r2) ^ G(Ti © r2). 

• Lei For : Tri(X) — > VB(X) be the forgetful functor mapping a triple T = 
{V,Af,ir\) to V. Let V = G(T) and 77- = p : vr*V — > V 6e t/ie isomorphism 
introduced above. Then we obtain an isomorphism of functors 7 : vr* o G — > For, 
In particular, we have a commutative diagram: 

HomTH(x)(Ti, T2) ^ > Homx(Vi, V2) 

For 

Homj^(Vi, V2) ' "^^^""^^^^ Hom^(7r*Vi, 7r*V2) 
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Moreover, 7 is compatible with tensor products: forTi = (VijN'i, rrij) and Vi = G{7i) 
(i — 1,2) the diagram 



7r*G(Ti) ®7r*G(T2) 




>7r*G(Ti ® T2) 





Vi(8) V2 



is commutative. 

Our next goal is to obtain an explicit description of stable vector bundles on a 
singular Wcicrstrafi curve E. In this context, we replace X hj E and note that 
the normalisation is E = P^. In order to obtain a clearer description of objects of 
Tri(£'), recall the following well-known theorem. 

Theorem 9.5 (Birkhoff-Grothendieck). On the projective line P^, taking the degree 
gives an isomorphism Pic(P^) = Z. Any vector bundle £ on ¥^ splits into a direct 
sum of line bundles: £ = ©„gzOpi(n)"*". 

This implies that if (VjA/", m) is an object of Jr\[E) with rk(V) = n, we have 



Note that M is in fact free, because Z is artinian. From now on we shall always fix 
a decomposition of V as above. 

An explicit description of morphisms between objects in Tri(i?) requires to choose 
coordinates on P^. Let (2:0, Zi) be coordinates OTa.V = C^. They induce homogeneous 
coordinates {zq : Zi) on the projective line P^(l^) = \ {0})/ ~, where v ^ Xv for 



We set Uq = {{zq : Zi)\zo ^ 0} and — {(zq : -^i)^! 7^ 0} and put := (1 : 0), 

00 := (0 : 1), z = Z\l Zq and w = Zq/zi. So, 2; is a coordinate in a neighbourhood of 
0. If U = Uon Uoo and w = 1/z is used as a coordinate on Uoo, then the transition 
function of the line bundle Opi (n) is 



The vector bundle (9pi(— 1) is isomorphic to the sheaf of sections of the so-called 
tautological line bundle 



V = Opi (/)^' and J\f ^ O^, where J^k^n. 




all A e C*. 



UqxCdUxC 



(-.^)-(I.Fr) 



xCcUooXC. 



{{l,v)\vel} g¥\V) xV^Ol 
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The choice of coordinates on fixes two distinguished elements, zo and zi, in the 
space Horripi (Cpi(— 1), Opi): 



X C2 < ^Opi(-l) X C 




pi 

where Zi maps (/, {vq, Vi)) to (/, Vi) for i = 0,1. It is clear that the section zq vanishes 
at oo and zi vanishes at 0. After having made this choice, we may write 

Hompi (OpiH, Opi(m)) = C[z,, := {z^-^, z^-^-'z,, . . . , z^-^)^. 

Lemma 9.6. Let E be a singular Weierstrafi curve, n : ^ E its normalization 
and V a vector bundle on E. Then deg£;(V) = degpi(7r*V). 

Proof. If 72 = rk(V) then 7t*V is a vector bundle of rank n on P^. The canonical 
morphism g : V —>■ 7r*7r*V is generically injective and V is torsion free, hence keT{g) = 
and we have an exact sequence 

— >V ^ 7r,7r*V — >S — > 0, 

where iS is a torsion sheaf supported at the singular point s of the curve E. Since g 
commutes with restrictions to an open set, we have 

S= (coker(Ci5 -^7r,(Cpi)))". 

Because s is either a node or a cusp, we obtain h^{S) = n. Using the Riemann-Roch 
formula, this implies 

degs(V) = X(V) = x(vr*7r*V) - x{S) = x(vr*V) -n = degpi(7r*V). 

□ 

Lemma 9.7. Let E be a singular Weierstrafi curve, n : ^ E its normalization 
and V a simple vector bundle of rank n on E. Then 

• V is stable. 

• 7r*V = (9pi(c)"^ ©(9pi(c+l)"2 for some integer c G Z and some non-negative 
integers ni, n2 which satisfy n = rii + n2. 

Proof. For the first statement see for example {201 Corollary 4.5]. To prove the 
second part, let F(V) = (V, O^, m) and assume 

7r*V = V = Cpi(c) © Opi(rf) © V", 

where d — c> 2. Because the length of Z is two, we can find a non-zero homogeneous 
form p = p{zo,zi) G Horripi (Opi(c), Opi((i)) such that r/*(p) = 0. This gives us a 
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non-scalar endomorphism of V corresponding to the endomorphism {F, /) of the 
triple F(V) given by / = id and 

'l 0^ 
p 1 
.0 1^ 

This contradicts our assumption that V was simple. □ 

An explicit description of the morphism rn by a matrix requires to fix isomorphisms 
(i : fj*Opi{l) O^. In order to keep compatibility with tensor products in our 
description of vector bundles, we have to ensure that for all /c, / G Z the following 
diagram is commutative: 

(33) f]*Opi (k) ® fi*Opi (/) y fj*Ori {k + I) 



(k + l 



Oz ® Oz — > Oz- 

In the case of a nodal or cuspidal Weierstrafi cubic curve we shall explicitly give our 
choice of these isomorphisms. 

Remark 9.8. It is natural to assume Co = id- Then such a family of isomorphisms 
is uniquely determined by C = Ci • ^*(C'pi(l)) — > O^. Moreover, the choice 
of a global section p = P( = azo + bzi G which does not vanish on Z, 

determines ( as follows: = ^ Modulo automorphisms of such a section 

p is determined by its unique zero, which should belong to \ Z = E. In other 
words, our choice of a set of trivializations {Ci}i£Z corresponds to the choice of a 
smooth point in Atiyah's classification of vector bundles on an elliptic curve [5]. 

Note that, because we have fixed a decomposition V = 0^^^ a family 

{Ci}iez induces an isomorphism : fi*V — > Because Af = O^, we also get an 

isomorphism Ti*M = This allows us to describe the map rn : — > fj*V as a 
matrix in GL„((9^). 

Corollary 9.9. Let Mat^ be the category of square matrices over the ring O^. The 
choice of isomorphisms {0}/ez yields a functor P'' : Tn{E) — > Mat^, assigning to 
a triple (V, O'^, rn) the matrix of the O^-linear map 

0\ ^ fi*V ^ C|. 

Moreover, let = P^ o F : VB(E) — > Mat^. Using for any C G P\c{E) and 
V G \/B{E) we obtain: 

H^(/:(g) V) =H^(/:) •H^(V) and H^(det(V)) = det(e^(V)). 
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Let (VjA/", m) be an object of Tn{E). We have a natural action of the group 
Autpi(V) X Aut^(A/') on the vector space Hom^(7f*AA, fi*V). The orbits of this action 
correspond precisely to the points in the fibre of the functor vr* : VB(i?) VB(P^) 
over V. In what follows, we shall use this action to find a normal form for rn. A 
description of the matrix problem describing all vector bundles on an irreducible 
WeierstraB cubic curve, can be found in [25] and [TT] . In this article, we are mainly 
interested in a description of simple vector bundles. Having in mind Lemma 19.71 we 
introduce the following notation. 

In order to recover a vector bundle V from the matrix EI^(V), we need to specify 
V. For a singular WeierstraB cubic curve E, let \/B^^'^\E) be the full subcategory of 
\/B{E) consisting of vector bundles V such that tt*V = O^l © Opi (1)"^ for some non- 
negative integers ni,n2 G Z. In a similar way, let Tv\^'^'^\E) be the corresponding 
subcategory of the category Tri(_E). 

Definition 9.10. Let ii^ be a WeierstraB cubic curve E. Consider the following 
category BM{E) of "block matrices": 

• Its objects are invertible matrices over the ring with a block structure: 

M -- 



Moo 


Moi 


Mio 





where Mqo and Mn are square matrices, possibly of size zero. 
Let M and be two objects of BM{E) of sizes m = mo + rrii and n = no + ni 
respectively, where the block Mij has size rrii x rrij etc. Then a morphism 
from M to in the category BM{E) is given by a pair of matrices {F, /), 
where / G Mat„xm(C'z) and 



-^00 





-^10 





has blocks Foo G Mat„oxmo(9' ^ Mat„,xmi(C) and Fio G Mat„,xmo(C'^), 
such that FM = Nf . Here / is the image of the matrix / under the morphism 
Mat„xm(C'z) — ^ Matnxm{0 ^) induced by the ring homomorphism Oz — ^ 



• The composition of morphisms in BM{E) is given by the matrix product. 

Proposition 9.11. Take some isomorphism ( : (9pi(l)|^ — > O^. Then in the 
notation of Remark \9.8\ and Corollary \9.y\f we have equivalences of categories: 

VB(°'1)(E) ^ Tri(°'i)(E) ^ BM(E) , 

with block structure on P^(V, (9^, m) coming from the decomposition V = Opi © 
(9pi(l)"'^. Moreover, the functor o W sends det(V) G VB(i?) to the determinant of 
the corresponding matrix P'' (F(V)) . 
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Proof. This result follows from Theorem 19.41 and the observation that the map 

fj* : Hompi(Opi,Opi(l)) — > Homg(0^,0^) 
is an isomorphism both for a nodal and a cuspidal cubic curve. □ 

9.2. Simple vector bundles on a nodal Weierstrafi curve. The main aim of 
this subsection is an explicit description of those objects in Tri(£') which correspond 
to simple vector bundles on a nodal WeierstraB curve E. We give an algorithm 
which produces some kind of normal form of such triples for each given rank and 
degree. Crucial for our application to the Yang-Baxter equation is a description of 
the family of all simple vector bundles with fixed rank and degree in a way which is 
compatible with the action of the Jacobian. We shall also see that rank and degree 
of a simple vector bundle on a nodal WeierstraB curve are always coprime. 

Let E he a nodal WeierstraB curve, e.g. given by zy"^ = + x'^z, s = (0 : : 1) the 
singular point and tt : — > E its normalization. Choose homogeneous coordinates 
{zq : Zi) on in such a way that 7r^^(s) = {0, oo}. Then, in notations of the previous 
subsection, Z and Z are reduced complex spaces as follows 

Z = {s} and Z = {0} U {oo}. 

Hence, for (V, A/", rn) G Tn{E) the map rn is just an isomorphism of C x C-modules, 
i.e. it is given by a pair of invertible matrices m(0) and m(oo). 

The linear form p = P(^{zo,Zi) = Zi — Zq E does not vanish on Z. 

Following the recipe from Remark 19. 8[ we consider the collection of isomorphisms 

(i : f/*Opi(/) — y Oy given by the formula C,iis) = —r for each open subset C P^ 

P z 

not containing (1 : 1), / G Z and any s G T(y,Opi{l)). 

This implies the following evaluation rule for morphisms of vector bundles on P^: 

if g = ao-2™~" + + h a^.^z™"" G Hompi (Opi(n), Opi(m)) then we 

have a commutative diagram 

r^*Cpi(n) >fi*0]i>i{m) 



Cn 



(-l)™-"ao 

Q-m — 71 

Co © Coo > Co © Coo. 

If the family {Q} is understood, we shall often write r/*(g) = ((( — l)™'~"ao) , [am-n))- 



Our next goal is to describe the category BM{E) from Definition 19. 101 An object 
of BM{E) is a pair of matrices m(0) and m(cx)) simultaneously divided into blocks 



m(0) 



Moo(O) 


Moi(O) 


Mio(O) 


Mn(0) 



m oo 



Moo(oo) 


Moi(oo) 


Mio(oo) 


Mn(oo) 
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Two objects (m(0), m(oo)) and (m'(0), m'(oo)) of BM{E) are isomorphic if and only 
if the corresponding blocks have the same sizes and there exist matrices 



m 

and / such that 








F2l(0) 


F22 



F(oo) 



Fn 





F21M 


F22 



F(0)m(0) = m'(0)/, F(oo)m(oo) = m'(cx))/. 

In particular, we have the following isomorphism in the category BM{E): 

(m(0),m(oo)) ^ (m(0)m(oo)"\id) 

i.e. without loss of generality we may assume that the second matrix m(oo) is the 
identity matrix. 

To illustrate how the explicit identification of vector bundles on E and objects of 
BM{E) works in practice, we shall now consider the simplest interesting case: the 
description of P'\c^{E). We explicitly determine for each y G E the object in Tn(E) 
which corresponds to the line bundle Osiy)- 

The chosen coordinates provide us with an isomorphism C* = U :=P^\{0,oo} 
mapping |/ € C* to (1 : ?/) G U. As E is nodal, the normalization restricts to 
an isomorphism tt : \ {0, 00} — * E. Together, this gives us an identification 
E = C*, under which y E C* corresponds to y := tt~^ (y) = (1 : y) G P^. Obviously, 
Tr*[OE{y)) = Opi{y) = Opi(l) and the following lemma is true. 

Lemma 9.12. For the given choice of homogeneous coordinates on and the set 
of trivializations {Ci}i& described above, we obtain for all y E E = C* 



Proof Assume To^(^y) := ¥{OEiy)) = (Cpi(l), C„ ((A), (1))). It is clear that 
To^ := ¥{Oe) = (Cpi,C„ ((1),(1))). Moreover, by Theorem [231 we have a com- 
mutative diagram 

HomTri(i?)(To^, To^(y)) > HomE{OE, OEiy)) 



For 



Hompi(Opi,Cpi(l)) 



Hompi (C>pi,Opi(?/)). 



The section zi — yzo G Hompi (Cpi, (9pi(l)) generates the image of n*, hence belongs 
to the image of For. Using the description of morphisms in the category Tr\[E) and 
the evaluation rule fi*{zi — yzo) = {(y), (1)), this is equivalent to the existence of a 
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constant c G C* making the following diagram commutative: 



c 
c 



Co © Cc 



1 
1 

Co 



y 

1 



A 
1 



Co © c 



This implies that A = ?/ and ¥{OE{y)) = (Opi(l),C„ {{y), (1))). 
Our next goal is to describe the so-called Atiyah bundles. 



□ 



Lemma 9.13. Let E be a nodal Weierstrafi curve. Then there exists a unique 
indecomposable semi-stable vector bundle An of rank n and degree such that all its 
Jordan-Holder factors are isomorphic to Oe- This vector bundle is called the Atiyah 
bundle of rank n and is given by the triple (Cpi, C", m), where 



( 1 




m(0) 





1 




\ 



1 









1 

1 / 



/ 1 





m oo 









\ 



1 











1/ 



Proof. The category of semi-stable vector bundles with the Jordan-Holder factor Oe 
is equivalent to the category of finite-dimensional modules over C[[t]], see for example 
[29| Theorem 1.1 and Lemma 1.7]. Therefore, there exists a unique indecomposable 
vector bundle An of rank n recursively defined by the non-split exact sequences 







A ^ A 



and Ai = Oi 



In order to get a description of An in terms of triples, first observe that n*An = Cpi, 
hence F(^„) = (Opi, C^, m). The morphism m is given by two invertible matrices 
m(0), m(oo) G GL„(C). If rn' = (m'(0), m'(oo)) is another pair such that 

m'(0) = S-^m{0)T, m'(oo) = 5"^m(oo)T 

with 5, T G GL„(C), then (Opi, C", rn') and ((9pi,C",rn) define isomorphic vector 
bundles on E. We may, therefore, assume m(oo) = /„. Keeping m(oo) = J„ un- 
changed, the matrix m(0) can still be transformed to S'~^m(0)S'. Hence, m(0) splits 
into a direct sum of Jordan blocks. Since the vector bundle An is indecomposable, 
m(0) ~ Jn(A) for some A G C*. From the condition HomE{An,0) = C one can 
easily deduce A = 1. □ 
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Now we start to focus on simple vector bundles on a nodal WeierstraB curve E. 
We aim at giving a canonical form for those elements {V,Af,m) in Tri(£') which 
correspond to simple vector bundles on E under the functor F from Theorem 19.41 

Definition 9.14. Let E he a. nodal cubic curve and ni > 0, 77-2 > integers. The 
category MP^^{ni,n2) is defined as follows. 

• Its objects are invertible matrices with blocks Mij e Mat„.xnj(C) 



M = 



Mn 


M12 ' 


M21 


M22 



• Morphisms are pairs of block matrices 

HomMP„,K,n,)(M,M') = {(5,T) | SM = M'T] , 
with obvious composition and such that 

^={c' b) ^={c" b) 

have blocks of the same size as the blocks of M and M' . 
By MP^jj(ni,n2) we denote the full subcategory of simpl^ objects of MPnd(^i, "'^2)- 

The proof of the following lemma is straightforward. 

Lemma 9.15. Let VB^f^'^^al-^) category of vector bundles V G VB(£') such 

that Ti*V = O'^l © Opi(l)"2. Then VB^^;]J^^{E) and MPnd(rii,n2) are equivalent. 

Proof. Let BM„j_„2(_E') be the full subcategory of BM(i?) consisting of matrices, 
whose diagonal blocks have sizes ni x ni and n2 x n2- By Proposition 19.111 the 
categories VB(f;J|^(E) and BM„,,„2(E) are equivalent. But it is easy to see that 
sending and M G MPnd(^i, ^^2) to (M, id) G GL„j+„2((9^) as an object in BM^^^^jl-^) 
with same block structure, is an equivalence. □ 

Remark 9.16. If 722 = the block structure becomes invisible and we end up in 
a situation of elementary linear algebra. Indeed, we have MPnd(?^, 0) = GL„(C) 
and HomMp„d(n,o)(M, M') = {5* | SM = M'S}. The indecomposable objects in this 
category are precisely those which are isomorphic to a Jordan block Jn{^), A G C*. 
The endomorphism ring of Jn(A) is isomorphic to C[t]/t". Hence, MP^j(n, 0) = if 
n > 1 and MP^d(l>0) = GLi(C) = C*. 

We aim now at finding a canonical form for objects M G MP^j(?t,i, 712). This means 
that we wish to find in each isomorphism class of MP^j(ni, ^2) a unique object with 
a particularly "simple" structure. We shall often say that we can "reduce" a matrix 
M to a matrix if M and N are isomorphic in MP^j(?t,i, 712) and has a "simpler" 

^Simple objects of MPnd(?^i, '^2) are by definition the objects having only scalar endomorphisms. 
They are sometimes called Schurian objects or bricks. 
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form than M. The reduction procedure described below is based on the following 
easy lemma. 

Lemma 9.17. The block M12 has full rank, if M & MP^^(r;,i, ■^,2) is simple. 
Proof. If the matrix M12 does not have full rank, M can be reduced to the form 



/ Ml 


M2 








\ 








/ 







Ms 


M4 





Ms 




V Me 


M7 





Ms 


I 



where Mii,M2i and M22 are split into blocks such that Mi and Mg are square 
matrices. As an object of MPnd(^i, "^2); such a matrix has an endomorphism {S,T) 

(I \ 
_0 / 

/ ■ 

y Ml M2 / / 

Since M is invertible, at least one of the matrices Mi and M2 is not the zero matrix, 
hence (S*, T) is not a scalar multiple of the identity. This implies that M was not 
simple. □ 



S 











\ 





/ 








Ms 





/ 





Ms 











T 



Example 9.18. The triple (Opi © Cpi(l),C^, m) with 



m(0) 








A 






and m(oo) 














defines for any A G C* a simple vector bundle of rank 2 and degree 1 on ii^. The 
corresponding matrix for this vector bundle is Mi i(A) := 0) ^ '^^ndl-'-' ^ 

Theorem 9.19. Let E he a nodal Weierstrafi curve and denote by Spl*-"''^''(-E') the set 
of all isomorphism classes of simple vector bundles of rank n and degree d on E. If 
gcd(n,c/) = 1 the map det : Spl^"''^)(E) Pic'^(E) = C* is bijectzve. //gcd(n,d) > 1 
we have Spl^"'^^^) = 0- 

This result can be proven by various methods, see for example [171 Theorem 3.6] 
for a description of simple vector bundles on E in terms of etale coverings. For the 
reader's convenience we shall outline another proo^, which is parallel to the case of 
a cuspidal cubic curve [13]. 

Proof. First note that, without loss of generality, we may assume < d < n. If 
Sp|(M)(^) ^ and V is a non-zero element of Spl^"''^-'(-E) then, by Lemma W77[ 



F(v) = (o;i © Opl(l)"^c:^+"^ (m, id) 



This proof is due to Lesya Bodnarchuk. 
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where n2 = d and rii = n — d. By Lemma [9 .151 we have an equivalence Sp\^^''^\E) 



MP 



nd 



n 



d, d). 



Assume first n2 



and ni > 1. In this case, we have seen in Remark 19.161 
that MP^d(^>0) = 0. This imphes Sp|("'°^(E) = for n > 1. On the other hand, 
Sp|(i'0)(E) = P\c\E) ^ E. 

For the rest of this proof we assume n2 > 0. By Lemma I9.17[ the block M12 of 
M G MP*^(ni, 71,2) has maximal rank. If rii = ^2 this means that M12 is invertible 
and M can be reduced to the form 



M 








X 






where X splits into a direct sum of Jordan blocks with non-zero eigenvalues. It is 
easy to see that M is decomposable in MPnd(^^'i, ''^2) unless ni = 77-2 = 1. Hence, 
MP^j(m, m) = if m > 1. 

On the other hand, if rii 7^ n2, we can reduce M to the form (because both rii > 0) 






I 











M'2, 





M'22 , 





( M[, 







if ^2 > ni, or to 














M'22 






if rii > "^2- 



In both cases, the additional split of the blocks is made in such a way that M'^^ and 
M22 are square matrices. A straightforward calculation shows that 



M' 



M' M[ 



'11 
M'2, 



12 
M'22 



is an object of MP*j(ni, n2 — rii) or MP^j(ni — n2,n2) respectively. This implies 
that, in case n2 > rii, the fully faithful functor 

MPl^{ni,n2-ni) ^ MP 

which is defined on objects by sending 



N' 



Nil N[2 



N'21 



N'22 





( 


I 





to N = \ 







N[2 




V^21 





K2 



e MP^dK,^2) 



and on morphisms by sending 



A 
D' 





E 



'A 
D" 





E 



G HomMP»,(ni,n2-ni)(M',iV') 



to 



A 










A 







D' 


E 



A 











A 





D" 


D' 


E 



G HomMP;^^(ni,n2)(M, A^) 



is in fact an equivalence of categories. Similarly, if ni > n2, we obtain an equivalence 

MP^d(^i - ^2, n2) — > MPn^iriu ^^2). 
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If we start with any pair of positive integers rii ^ n2 and continue to reduce the 
size of the matrix in the way described above, we obtain an equivalence of cat- 
egories MP^^(m, m) MP^^(ni, ^2), where m = gcd(ni, ^2). Our assumption 
Sp\^^''^\E) 7^ imphes now gcd(n, d) = gcd(r;,i,n2) = 1 and our construction gives 
us an equivalence 



MP:d(i,i: 








A 






Using Lemma [9 .171 we see that each object in MP^d(l, 1) is isomorphic to 

Mi,i(A) = 

for some A G C*. We consider Mi^i(A) to be the canonical form for objects in 
MP^j(l, 1). Its image under the equivalence MP*jj(l, 1) MP^j(ni, 712) constructed 
above will be denoted by M„^^„2(-^)- This is a canonical form for objects of the 
category MP^j(ni, 712). An explicit description of M„j „2(A) is given in Algorithm 
[9:201 below. 

Observe now that isomorphic objects of MP^j(ni, n2) have the same determinant 
and that the functor MP^^(1,1) MP^j(ni, n2) respects the determinant up to a 
sign which depends on (ni,n2) only. As a consequence, we see that M^j ngl-^) — 
Mnj^uii'^') if and only if det(M„j^n2(A)) = det(M„j^„2(A')) , which is equivalent to 
A = A'. Because we have 

F(det(V)) = (0^1(^2), C„(det(M),l)) 

for any V G Sp|("''^)(E), we see now that det : Sp|("''^)(E) ^ Pic'^(E) is bijective if 
gcd(n, d) = 1. □ 

Algorithm 9.20. For any pair of positive coprime integers (ni,n2), the simple 
objects M„j^„2('^) ^ MPnd(^i5 ''^2) are described in the following way. 

(1) First, we produce a sequence of pairs of coprime integers by replacing at each 
step a pair (ni, 712) by {rii —n2, '^^2) if > n2 and by {rii, n2 — ni) if 722 > rii. 
We continue until we arrive at (1, 1). 

(2) Starting with the matrix Mi i(A) G MP^^ from Example 19.181 we recur- 
sively construct the matrix M„^ „2(-^) as follows. We follow the sequence 
constructed in part (1) in reverse order and 

• if we go from (mi, m2) to (mi + m2, ^2) we proceed as follows 



X 


Y 


z 


w 







Y 

















u 


w 






and similarly, if we go from {1711,7712) to (mi, mi + m2) we set 



mi ,m2 



(A) 



X 


Y 


z 


w 





( 







-^^mi ,mi+m2 ( A) | 


X 





Y 




u 





w 



VECTOR BUNDLES AND YANG-BAXTER EQUATIONS 



103 



Remark 9.21. From the construction it is clear that Mri,^,n2('^) is an n x n-matrix 
having exactly one non-zero entry in each column and each row. Exactly one of 
these non-zero entries is equal to A G C* and this entry is found in the last row. All 
the other non-zero entries are equal to 1. 



Remark 9.22. 



Because simple vector bundles on WeierstraB curves are stable 

r[n,d) 



Cor. 4.5]), we have Sp\''^''^\E) = M^'""' and Theorem 19.191 provides another proof 
of the part of Theorem 16.11 which says that two stable vector bundles Vi and V2 of 
the same rank on a nodal Weierstrafi curve are isomorphic if and only if det(Vi) = 
det(V2). 



Example 9.23. Let us apply Algorithm 19.201 to describe in terms of triples all 
simple vector bundles on E of rank 5 and degree 12. From earlier calculations we 
see that the normalisation of such a bundle is V = (9pi(2)^ © (9pi(3)^, in particular 
(ni,n2) = (3,2). The sequence of reductions for sizes of matrices from the category 
MP„d is: 

(3,2)^(1,2)^(1,1). 
This induces a reverse sequence of functors 



MP:d(i,i: 



MP:d(l,2) 



MP:,(3,2) 



giving the following sequence of canonical forms: 








A 












( 


1 








o\ 





1 













1 











t)- 














1 


A 













1 

























0/ 



Therefore, the set of stable vector bundles of rank 5 and degree 12 is described by 

where 



the family of triples (Opi 


(2)3 C 


D Cpi 


(3)2 




,m) 






/ 





1 








o\ 

















1 





m(0) 


















1 














1 












V 


A 











0/ 



m 00 



Example 9.24. The indecomposable semi-stable vector bundles V of rank two and 
degree zero, whose Jordan-Holder factors are locally free, are of the form C ® A2, 
where C G P\c^{E). Using Lemma [9.131 and compatibility with tensor products, we 
see that they are described by the triples (Cpi, C^, m) G Ju{E), where 



m(0) = AJ2(1) 



A G 



and 



m 00 
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Lemma 9.25. Let A G C*, X = diag(ai, 0:2, . . . , On) with G C*, i = 1, . . . ,n and 

n = rii + n2, then XM„j^„2(A) = M„j^„2(A ■ ai ■ . . . ■ an) as objects of MPnd- 

Proof. It is not hard to see that XM„j^„2(A) G MPnd is again simple, hence it is 
isomorphic to a canonical form M„j^„2(A'). This means that there exist invertible 
matrices 5 = °) and T = ((4,'^) such that Mn^^nA^) = S-^XMn.^n^WT. 
Because det(^) = det(A) det(5) = det(T), we obtain A'' = A det(X). ' □ 

Remark 9.26. If ni,n2 are fixed and for each A G C there is given an object 
M(A) G MP^j(?2i, 712), we obtain simple vector bundles Va of rank n = ni + n2 
on E such that F(Va) = {O^l © Cpi(l)"2, +'^^ (M(A), id)). Similarly, for each 
P E C* there exists a unique line bundle on E such that ^{Cp) = (Opi, C, 1)). 
We say that the family M(A) is compatible with the action of the Jacobian, if 
for all X, (3 G C* we have M{(3^X) = j3M{X). This implies, but is stronger than 
V^nA ^ £^ ® Va. 

Lemma [9.251 imphes that the vector bundles Va given by the family M„j^„2(A) 
satisfy Vpn^ = ® Va, but Mn^ ^jl-^) is not compatible with the action of the 
Jacobian. However, if we replace all non-zero entries of ^jl-^) by a/A, some fixed 
n-th root of A, we obtain an object Nn^^n^{\) G MPnd(?T-i, ?t-2) which is isomorphic to 
Mn-^,n2{.^) ^ud which is compatible with the action of the Jacobian: A^„^_„2(/3'^A) = 
/5A^ni,n2('^)- Another choice of -\/A gives an isomorphic vector bundle. 

Because there is no global choice of an n-th root, we define iV'ni,n2(^) '■= A'„i,n2(^") 
for all t G C* in order to globalize this construction. Compatibility for this family 
has now the form iV„^^„2(/3t) = /3A^„j^„2(t). As we shall see in Subsection 19.41 this 
will give us a trivialization of a universal family of stable vector bundles compatible 
with the action of Jacobian, necessary to construct a gauge transformation of the 
geometric associative r-matrix depending on the difference of the vector bundle 
spectral parameters. 

If we apply this construction to the family of triples from Example I9.18[ which 
describe the simple vector bundles of rank 2 and degree 1, we obtain a family of 
vector bundles described by triples (Opi © Cpi(l), C^, rn) with 



m(0)=Ari,i(A) 






A 


A 






A G C* and m(oo) 














This family of matrices is compatible with the action of P\(P{E). But for A and —A 
we always obtain isomorphic vector bundles. 



9.3. Vector bundles on a cuspidal Weierstrafi curve. We now recall an explicit 
description of those objects in Tr\{E) which correspond to simple vector bundles on 
a cuspidal WeierstraB curve E, following the approach of [13]. The exposition is 
very similar to the nodal case and includes an algorithm producing a normal form 
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for such triples for each given rank and degree. Rank and degree of a simple vector 
bundle on a cuspidal Weierstrafi curve also turn out to be coprime. 

Let E be the cuspidal cubic curve, given by the equation zy'^ = x^. Its normali- 
sation 71 : — > E is given by tc^Zq : Zi) = {zqZi : Zq : zf). With these coordinates 
on the preimage of the singular point s = (0 : : 1) G -E is vr~^(s) = (0 : 1) = oo. 
Then Z is the reduced point s E E with the structure sheaf C. Moreover, Z is 
non-reduced with support at oo = (0 : 1) G P"*^ and structure sheaf R = C[e]/e'^. 
The morphism fc : Z ^ Z corresponds to the canonical ring homomorphism C — ^ R. 

Recall that w = zq/zi is a coordinate in the neighbourhood Uoo of the point 
(0 : 1). The morphism fj : Z ^ corresponds to the map evu^ : Cpi(?7oo) 
O^iJJoo) = R, given by ev^^(w) = e. Next, following the recipe of Remark [9.81 we 
use the section P({zo, zi) = zi E to define the collection of isomorphisms 

C/ : fj*Of>i{l) — > O^. They are given by the formula C,i{s) = evy (^'~T^ each open 

set V C Uoo, all / G Z and any s G r(V, Opi(/)). A morphism 

q = q{zo,Zi) = ao^;^"" + ai2;""""^2;i + ■ ■ ■ + a„_„z™"" G Hompi (Cpi(n), Cpi(m)) 

is therefore evaluated according to the rule 



rig) 



-> fj*Ofi{m) 



R 



'j'-m — n "T'^m — n - 



R. 



The following lemma shows how the explicit identification of m with a matrix is 
carried out for line bundles of degree one. 

The chosen coordinates provide us with an isomorphism C = Uoo = P^ \ {cxo} 
mapping y G C to (1 : G U^o- In the cuspidal case, the normalization restricts 
to an isomorphism tt : P^ \ {oo} — > E. Together, this gives us an identification 
E = C, under which y G C corresponds to y := n~^{y) = (1 : y) eF^. 

Lemma 9.27. With respect to the given choice of homogeneous coordinates on P^ 
and the set of trivializations {0}iez described above, we have for all y E E = <C 

¥{OE{y)) = (Opi(l),C„l-y£). 

Proof. As in the case of a nodal cubic curve, because OE^y) is a line bundle of 
degree one, we know ToEiy) ■~ ^{^E{y)) = (C^pill),^^, (1 + Ae)) for some A G C 
and Tqj^ := ¥(Oe) = (C'pi, Cg, (1)). By Theorem 19.41 we have a commutative 
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diagram 



HomTri(£;) {To,Toj,{y)) 



HomE{OE,OE{y)) 



For 



Horripi (Opi , Cpi (1) j < Hotripi (Opi , O^i (y)) . 

The section zi — yzo e Hompi (Opi, (9pi(l)) generates the image of n*, hence belongs 
to the image of For and there exists c e C such that the following diagram is 
commutative: 



R 



l-ye 



-> R 



l+Ae 



> R. 



This implies c=l, X= -y and ¥{0{y)) = (C»pi(l), C„ (1 - ye)). 



□ 



We aim now at giving a canonical form for those elements in Tn{E) which corre- 
spond to simple vector bundles on E having rank n and degree d. Just as in the nodal 
case, without loss of generality, we may assume 0<d<n. Recall that yBl^;^l{E) 
is the full subcategory of yB^^'^\E), whose objects are vector bundles V with fixed 
normahzation 7r*V ^ V := O^l C»pi(l)"2. The category yB^^;^^^{E) is equivalent 
to the full subcategory of Tri(£') whose objects {V,J\f, m) satisfy J\f = C^^^^^ and 
V = OpJ ® Cpi(l)"'2. Hence, these objects are described by an invertible matrix 
m = trio + em^ e GL„^+„2(R). Note the following easy lemma. 



Lemma 9.28. Let fn = mo + em^ be an element of Mat„xn(R); where mo, nrie e 
Mat„xrt(C). Then the matrix m is invertible if and only if mo is. Moreover, in the 
latter case we have: det(fn) = det(mo) (l + £tr(mQ ^mg)) . 

Next, two such matrices fn, m' e GL„^_i_„2(R) correspond to isomorphic vector bundles 
if and only if there exist a matrix / G GL„j+„2(C) automorphism F of 

Opi © C»pi(l)"' such that m' = fi*{F)-^ o m o ji*{f). For any m, using / = mo ^ 
and F — id, we find an equivalent matrix fn' with m'g = id. In order to reduce 
m = id + em^ further, we split into blocks {fr\s)ij G Mat„.xnj(C) and let 








F21 





be the automorphism of V with F21 = ZQ{\r\^)2i G Mat^jxm (C[-2o, ^^iji). With this 
choice of F and / = id, a straightforward calculation, which uses 

f)*{F)^ I - 1 / ]+e 



In I 








In2 









{me)21 






VECTOR BUNDLES AND YANG-BAXTER EQUATIONS 



107 





Mi2 





M22 



shows that we can reduce m = id + em^ further to the form 

Therefore, triples [O^l © C"i+"^ m) with such m form a category which 

is equivalent to \/B'^^^^,^{E) . This motivates the following definition. 

Definition 9.29. Let E he a cuspidal cubic curve and ni > 0, n2 > integers. The 
category MPcp(ni,n2) is defined as follows. 

• Its objects are "matrices" with three blocks Mij G Mat„.xnj(C) 

M -- 



Mn 


M12 


X 


M22 



where x is an "empty" or "non-existing" block. 
Morphisms are given by "matrices" 

HomMP,p(M, M') = {S\SM = M'S} . 



5*11 


X 


'S'21 


S22 



has blocks of the 



with obvious composition and such that S - 

same size as the blocks of M and M' . The condition SM = M'S means that 

SuMu = M[^Su + M[^S2i 

SuMi2 = M[^S22 

S21M12 + S22M22 = M22S22, 
in other words: we ignore the lower left block in SM and M'S. 

As in the nodal case, we denote by MP^p(ni, n2) the full subcategory of simple 
objects of MPcp(ni, n2). 

Remark 9.30. If 722 = the block structure and the non-existing block disappear 
and we end up in a situation similar to the one described in Remark I9.16[ Here we 
have MPcp(n,0) = Mat„xn(C) and HomMP,p(n,o)(M, M') = {S \ SM = M'S}. The 
indecomposable objects in this category are precisely those which are isomorphic to 
a Jordan block J„(A), A G C. As before, this implies MP^p(r;,,0) = if > 1 and 

mp:p(i,o) = c. 

Lemma 9.31. For any pair of non-negative integers (ni,n2) with ni > 0, the cat- 
egories \IB^^^}^^{E) one? MPcp(ni, n2) are equivalent. Under this equivalence, simple 
vector bundles correspond to objects 0/ MP^p(ni, 712). 

Proof. Sending M G MP^p(ni, 212) to /„i+„2 + eM G GU^+„2(0^), with inherited 
block structure from M, gives an equivalence between MP*p(ni, 712) and BM„^^„2(i?). 
The proof of the lemma is now completely parallel to the case of a nodal cubic curve 
and is, therefore, left to the reader. □ 
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Next, we wish to find a canonical form for objects M G MP^p(ni,n2). Similar to 
the nodal case, in each isomorphism class of MP*p(ni, n2), we are going to describe a 
unique object with a particularly "simple" structure. Again, the reduction procedure 
described below is based on an easy lemma. 

Lemma 9.32. The block M12 has full rank, if M E MP*p(r;,i, ^2) is simple. 

Proof. Just as in the nodal case (Lemma 19.171) . if M12 does not have full rank, the 
matrix M can be reduced to the form 



M 



( Ml 


M2 





^ 








/ 





X 


X 


M3 


M4 


V X 


X 





M5 1 



and we obtain a non-scalar endomorphism 



S 



( I 





X 


X \ 





/ 


X 


X 








/ 





w 








I 1 



where W is an arbitrary matrix of appropriate size. 

Example 9.33. For any A G C, the triple (Opi © Opi(l), C^, m) with 



□ 



m 














+ e 



A 











defines a simple vector bundle of rank 2 and degree 1 on a cuspidal cubic curve E. 
It corresponds to Mi,i(A) := ( ^ J) g MP^p(l, 1). 

Theorem 9.34 (see [13]). Let E he a cuspidal cubic curve and denote Sp|("'^)(^) 
the set of all isomorphism classes of simple vector bundles of rank n and degree d 
on E. If gcd{n,d) = 1 the map det : Sp|("'^^(E) P\c'^{E) = C zs bzjectzve. If 
gcd{n,d) > 1 we have Sp|("''^)(E) = 0. 

Proof. The proof very similar to the proof of Theorem 19. 191 A first difference is that 
if rii = n2, we can transform the matrix M G MP^p(r;,,'n,) to the form 



M 



Mn 




X 






because the block M12 is square and invertible. We can further reduce the block Mn 
to its Jordan canonical form keeping the block M12 = / unchanged. This implies 
that M splits into a direct sum of objects of the form 



</m(A) 




X 
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which are simple in M Pep (m,m) if and only if m = 1. 

The other difference is that a simple object M e MPcp(ni, ^2) can be reduced to 





( 


/ 





M = 


X 

























if n2 > rii, or to M = 











V X 


X 






if rii > n2. 



A straightforward calculation shows that the matrix 

M' -- 







X 





is an object of MP^p(ni, n2 — tt-i) or MP*p(r;,i — 722, ^2) respectively and that 

det(id + eM) = det(id + eM'). 

If gcd(ni,n2) = 1, we end up with an equivalence MP^p(l,l) — > MP^p(ni, 712) just 
as in the nodal case. Using Lemma 19.321 we see that each object in MP^p(l,l) is 
isomorphic to 



Mi,i(A) 



A 




X 






A G C. 



By definition, M„^^„2(A) G MP^p(ni, 722) denotes the image of Mi^i(A) under the 
equivalence described above. Again, M„^ „2(A) = M„^ „2(A') in MP^p(ni,n2) if and 
only if A = A'. From the identity det(id + eMi i(A)) = 1 + eX, the bijectivity of the 
determinant map follows. □ 

Remark 9.35. Reversing the reduction step in the proof of Theorem 19.341 gives us 
an algorithm similar to Algorithm l9. 201 which produces the matrix „2(A) starting 
with Ml i(A). The only non-zero diagonal element of „2(A) will be the moduli 
parameter A G C, i.e. A = tr(M„^^n2(A)) ■ 

Lemma 9.36. Let A G C, A = diag(ai, 02, . . . , ctn) with G C and n = ni + n2, 

then A + M„j^„2(A) = M„^^„2(A + ai + 02 + ■ ■ ■ + «n) as objects of MP 



cp- 



Proof. We proceed by induction on n, the size of the matrix M„j^„2(A)- The case 
ni = n2 = 1 is an easy calculation. Assume the statement is true for all pairs (ni, 77-2) 
of positive integers such that ni + n2 < n. We shall deal with the case ni > n2, the 
opposite case is similar and left to the reader. 

From the proof of Theorem 19.341 we know that M„^^„2(A) has the structure 

















M'22 






V X 


X 






so that M, 



ni-n2,n2 



(A) 





M',2 


X 


M'22 



with M(i, M22 being square matrices of sizes ni — n2 and n2 respectively. If we write 



A = diag(ai,a2, • • • ,"^1- 



2+1) • • • ) ^ni I'-^ni+l) • • • ) (-^n 

) = diag(Ai|A2|A3), 
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with Ai being diagonal blocks, we obtain 





f M[, + A, 







A + Mni,nM = 1 





M^2 + ^2 






V X 


X 


As 



A straightforward calculation shows that the matrix 





I 111—112 





X 







^n2 


X 




V 


-As 


^n2 



defines an isomorphism in the category MPcp(?T,i, 77-2) between A + M„^^„2(A) and 



+ Ai 












M^2 + A2 - 


h A3 


In2 


X 


X 








The inductive hypothesis implies that M„^_„2 „2(A) + diag(y4i|y42 + ^3) is a simple 
object of MPcp(ni — n2,n2) which is isomorphic to M„j_„2 „2(A + q;i + . . . + This 
implies that A + „2(-^) — ^ni,n2('^ + ai + . . . + a„) in MPcp(ni, ^2). It was not 
possible to give a direct proof like for Lemma 19.251 in the nodal case, because it is 
not obvious at the beginning that A + Mni,n2{^) ^ MPcp is again simple. □ 

Remark 9.37. This lemma implies that the object A^„^,„2('^) ^ MPcp(ni,n2), ob- 
tained from Mni,n2{^) by replacing each diagonal entry by ^, is isomorphic to 
Mni^n2{^) MPcp(ni, n2). Moreover, this matrix is compatible with the action of the 
Jacobian in the sense that for all A,/3 G C we have pin + Nn-^^n2W = Afni,n2{^P + 
This is equivalent to (1 + eP){In + eNni,n2W) = In + £Nni^n2iP'P + The precise 
meaning of this condition will be clarified in Subsection 19.41 

Remark 9.38. Because simple vector bundles on WeierstraB curves are stable ( [20^ 
Cor. 4.5]), we have Sp\^^''^\E) = M^"'"^"* and Theorem 19 . 341 provides another proof of 
the part of Theorem 16.11 which says that two stable vector bundles Vi and V2 of the 
same rank on a cuspidal Weierstrafi curve are isomorphic if and only if det(Vi) = 
det(V2). 

Moreover, because the group P'\c^{E) = C is torsion free and divisible, it follows 
from det(V ® £) = det(V) ® that the action of the Jacobian Pic°(E) on the set 
ji^{^,d) g^able vector bundles of rank n and degree d is simply transitive. 

Example 9.39. The family of vector bundles on a cuspidal cubic curve, described 
by the triples (Opi © Opi(l), C^, rn) with 



m = /2 + £A^i,i(A) = 




VECTOR BUNDLES AND YANG-BAXTER EQUATIONS 



111 



defines a universal family of stable vector bundles of rank 2 and degree 1. The family 
of matrices 

is compatible with the action of P\c^{E). 




9.4. Universal families and their trivializations. The goal of this subsection 
is an explicit description of a universal family on the moduli space of stable vector 
bundles on a singular WeierstraB cubic curve E. 

For a reduced complex space B consider the Cartesian diagram 



Tra=7rXid 



7r3=7rXid 



ZxB ExB 

and abbreviate i^b = t^b ° Vb = Vb ° t^b- If -B is a point we omit the subscript B in 
the notation introduced. 

Let us fix homogeneous coordinates (2:0 : zi) on and denote OpixslO = 
pr^(9pi(/), where pr;^ : P-*^ x i? ^ P^ is the projection map. Let p = p{zo, Zi) G 
if°((9pi(l)) be a section, which is non-vanishing on Z. The recipe of Remark 19.81 
gives a family of isomorphisms Q : ?7*((9pi(/)) — > O^. Pulling back to P^ x B, we 
obtain isomorphisms Q : ^^l? (Cpixb(O) — ^ ^zxB denoted for the sake of simplicity 
by the same letters. 

Let A = C^pix_b(0'^' be a vector bundle of rank n on P^ x B. Then there 

are induced isomorphisms (-^ : fj^A — > 0~ and (-^ : i'b*Vb'^ — ^ ^b*0~ , 
denoted again by the same letters. For any point b E B we have: Ab '■= ^|pix{6} = 
^i^^Opi{l)"'K In a similar way, we obtain isomorphisms : fi*Ab — > 0~ and 

: i'^fj*Ab — > i^*0~. Note that the isomorphisms (-^ and C"^'' are related by the 
canonical base change diagrams. 

Now we proceed with our construction of vector bundles on E x B. We start 
with an invertible matrix M G GL„((9^^^). If convenient, we may start instead 
with a holomorphic function M : B — > Matnxn(C), denoted by the same letter. 
The corresponding element in GL„((9^^^) will then be (M, id) in the nodal case and 
In + sM in the cuspidal case (see Lemmas 19.151 and I9.3ip . For any point b E B we 
denote by M{b) the corresponding matrix in GL„(C^) or Mat„xn(C) respectively. 
Following the notation of Subsection 19. H we denote 

m . VB*Uzy.B ' ^B*'-JzxB ^B*^ZxB 
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and let m be the unique map which makes the following diagram of isomorphisms 
commutative: 



ZxB 



ZxB 



M 



In a similar way, let m;, and 1x1^ be the morphisms determined by the matrix M{b). 
The following theorem is a mild generalization of Theorem 19.41 

Theorem 9.40. Let A = ©igzC'pi(0"'' vector bundle of rank n on P-^, C, : 

0(l)pi|^ — > he the isomorphism induced by a section p = P(^(zo,zi) E i7°((9pi(l)), 

andA= ®i(iz0^i^B{lT' be the pull-hack of A to x B. 

• Consider the coherent sheaf A on E x B given hy the exact sequence 



(34) 



^ ^ 



0. 



Then A G Coh(£' x B) is locally free and for each b E B we have: Ab = A\Ex{b} 
^("^Uxjfe}' ^(^))' where G is the functor described in Theorem 
follows, we shall use the notation A = G[A, O^^b^ 



9.4\ In what 



Let B = ©iezC'pixB(0'^' ^ vector bundle ofrankm on¥^xB, N E GLm{0^ 



xBh 



m 

ZxB 



can yB*{N) 
''B*^ZxB ' 



i^B^O"^ R andB = G{A,0^^s,n). Th 



en 



HomExBiA, B) C HompixB(A'B) x Mat„xn(CzxB) 
consists of those pairs {F, f) for which the following diagram is commutative: 



ZxB 



CIV} 

ZxB 



M 



N 



^ ZxB ^ 



^^ZxB^ 



■V*bA 



• Let f : B' — > B be a holomorphic map between reduced analytic spaces. Let 
M' E G\-n{O^^Q,) be the image of the matrix M under the morphism induced by 
^^(^zxb) ~^ ^^i^zxB')' '^hich is given by pull-back under f . Let A! = {idxf)*A, 

A' = (id X f)*A etc. Then we have: A' = G(^', CI^b'; ff"') ■ ^^^^'^ words, this 
construction is compatible with base change. 
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• LetNe H^{0*~^^), C = Opixi?(c) for some c e Z and C = G{C,OzxB,n) be the 
corresponding line bundle, i.e. we have an exact sequence 

^ £ nB*jC^ ® 1lB*OzxB ^ ^ ^B*0^^^ 0. 

Then the following sequence is exact: 

where the morphism m Kl n zs induced by the matrix M ■ N , \ M] is the morphism 

A<5^ C ttb*^ ® T^B*^ ^ 7rB*(^ ® £) and p Kl q zs defined is a similar way. 
This means that the tensor product of a vector bundle with a line bundle is given 
by the product of the corresponding matrices. More generally, the tensor product of 
two vector bundles corresponds to the tensor product of the defining matrices. 

• Finally, we have the following short exact sequence: 

~ (^(^dotA dot(m)) 

det^ — > ttb* det a® r]B*OzxB ^ ^B*0^y^B ^ 0' 

where the morphism det(m) corresponds to the determinant det(M) G H^{0^^^). 

Proof. To prove the first part of the statement, note that the sheaf i'b*0'~^^^ is 
i?-flat. Hence, for any point b E B the restriction of the sequence flM|) to ii^ x {b} 

^ A ^ vr,A © V*Oz ^ ^ 0, 

is exact again. By Theorem 19.41 the coherent sheaf Ab is locally free. Since B is 
reduced, A is locally free, too. 

The description of morphisms between A and B in terms of morphisms between 
A and B and matrices M and N follows from the universal property of the kernel. 

In order to show the base change property for G we use again that ub^O- is 

fiat over B. Let f = id x f : E x B' — > E x B then the functor /* induces a short 
exact sequence 

f*A r ki©^b*oLb) ^^^^^ r K^^Lb) 0- 
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Consider the following commutative diagram: 



idx f , pr, 

X B' > X B 



X B 

>B 



Pri 



pi 



TTg, 

Ex B' 

B' 



It implies that the base-change morphism f*7TB*A — > 7rB'*{id x f)*A is an isomor- 
phism. Indeed, it can be identified with the composition of isomorphisms 

r7rB,A = f*7rB*prlA = fpiln^A = ttb'M x /)*pr*^ = 7rB,,(id x 

given by the fiat base change. Denote A' = (id x f)*A. Then it is not difficult to 
show that the following diagrams are commutative: 



r^B^A 



'Kb'*A! 



r(m) 



ZxB 



ZxB' 



^ * ZxB' 



in which the vertical morphisms are induced by the base change. This implies that 
we have the following commutative diagram 







FA' 



rA 



r 



r{T^B.A®r,B.Ol^B) 



^TTB'*A' ®7]B'*0'^y,B' 



^ * ZxB' 



^0. 



Finally, the compatibility of G with tensor products can be proven along similar 
lines as in the absolute case, see [HI Kapitel 2] for more details. □ 



It turns out that the description of simple vector bundles in terms of objects of 
MP^j(?T,i, 77-2) and MP*p(ni, 712) respectively, allows us to give an explicit description 
of a universal family of stable vector bundles of rank n and degree d on nodal and 
cuspidal Weierstrafi cubic curves. 

Proposition 9.41. Let E be either a nodal or a cuspidal Weierstrafi cubic curve, 
< d < n be coprime integers and G = C* if E is nodal and G = C if E is 
cuspidal. If M : G — > Mat„xn(C) is a holomorphic function such that the image of 
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M contains exactly one representative of each isomorphism class in MP^j(n — d^d) 
or MP^p(n — d, d) respectively, then 

is a universal family of stable vector bundles of rank n and degree d on E. 

Proof. By Lemma 19.151 and Lemma 19.311 and because each simple vector bundle is 
stable ([Sni Cor. 4.5]), for each stable vector bundle V of rank n and degree d there 
exists a unique h E G such that V = Vb- 

Let Q G VB(ii^ X M^"''^^) be a universal family of stable vector bundles of rank 
n and degree d on E. The universal property implies that there exists a unique 
morphism f : G ^ M^''^^ such that V = (id x f)*Q ® p^2^- Restricting on 
E X {6} shows that f{b) = [Vb], the point in M^''^^ which corresponds to the 
isomorphism class of the vector bundle Vb- Since Vb^ ^ Vb2 for 6i 7^ &2, the map / 
is bijective. Because M^'^^ is known to be smooth, bijectivity of / implies that / 
is an isomorphism. Hence, the pair {G, V) represents the moduli functor. □ 

Corollary 9.42. Let E be a singular Weierstrafi cubic curve, G = C* if E is nodal 
and G = C if E is cuspidal, < d < n be coprime integers, V = O^^i^Q^BOTpixGi'^Yj 
and M be the canonical form from the proofs of Theorems \9. 19[ and \9. 34\ respectively. 
Then the coherent sheaf 



V = ker(7rG*P © r?G*OzxG ^ ^ ^^^^^Lg) 

is a universal family of stable vector bundles of rank n and degree d on the curve E. 

To construct a trivialization of a vector bundle A given by a matrix A G GL„ {Ozxg) 
via the sequence flMl) . we pick a holomorphic section p = p^ E if°((9pi(l)) (in our 
applications we shall have p = zi). This section induces a family of trivializations 
{^i : Opi(Z)|^ — > Ofj^i^^^, compatible with tensor products, from which we obtain 

isomorphisms : A\^^^ — > ^Lg' because A = 0Opixg(O^'- Here, C 
could be any subset on which p^ does not vanish, but we shall assume f/ fl Z = 0, 
which implies that t^gIuxg '■ U x G — > U x G is an isomorphism. Restricting the 
sequence flMj) to the open subset U x G C E x G, we obtain a trivialization ^-^ of 
the family A 

UxG ^ ^UxG- 

Remark 9.43. Note that in the construction of all our families of stable vector 
bundles on a singular WeierstraB cubic curve we have chosen two sections P(^,p^ G 
i7'^((9pi(l)). These choices are independent of each other! The section p^ is used 
to define a family A associated to a matrix A G GL„(0^^g), whereas p^ is used to 
trivialize it on f/ x G. 
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Even though in our apphcation of Theorem 19 .441 we shall come back to the frame- 
work of Section [71 we consider here a more general setting: J and M are arbi- 
trary reduced complex spaces. We denote the canonical projections as before by 
p: E X J X M — ^ E X M, q : E X J X M — > E x J, : Z x J x M — ^ Z x M 
and : Z X J X M — > Z x J. 

Theorem 9.44. Let t : J x M — > M be a flat morphism, f = id-E xt, = id^ x r 
and fix P G GL„((9^^^) and N E GLi((9^^^^) such that 

(36) t|P = q*^N ■ p*~P . 

Denote byV E M^"''^'' and M E P\c''{E) the bundles defined by P and N respectively. 
Let p^ E if°((9pi(l)) be a section which gives trivializations ^^ofVonUxM and 
ofU onU xj. 

Then there exists an isomorphism Lp : q*M ® p*V — ^ f*V which is represented 
by the identity with respect to the trivializations and on U x J x M ( compare 
with Proposition 7.2 ). 

Proof. The bundles V and A/" are defined by the short exact sequences 
^ A/- ill nj.Af © VJ*Ozxj ^J*Oz^j 

and 

^ P 111 ® r7M*0|xM '^M^^IxM 0' 

where V = ®i^j^O^^>,m{IY' and M = Opix j(c). Let V = ©^^^ ^p^x jxmI/)"^' and 
Af = OpixjxAf(c). By Theorem 19.401 we have short exact sequences 



ZxJxM 



ZxJxM 



and 



— > q*J\f — > (7rjxA/)*A?'© {r]jxM)*OzxJxM ^'^ ('^JxA'/)*C'^x jxAf — ' 0- 

Moreover, we also know that the sequence 

q*U®p*V {'Kj^M).V®{'nJxM).0''zxJxM ^ i^J>^M).Ol^j^M ^ 

is exact, where we abbreviated /5 = (c^ g*(n)Kp*(p) ). Because r is flat, the morphism 
f*(p) is induced by the matrix t~(-P) and the morphism g*(n) IElp*(p) by the matrix 
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q~{N) -pyi^P). Hence, using ( l36l) . we obtain a commutative diagram 



{t^Jxm)*'P ® {VJxm)*OzxJxM 



(c^ -*(m)) 



'id ^ 
. id/ 



(C^ <?*(n)Hp-(p)) 



id 



But this implies that we have an induced morphism (f : q*Af ® p*V — > f*V. 

It remains to verify that the isomorphism (f is the identity with respect to the 
triviahzations induced by and By Theorem I9.40[ we have a commutative 
diagram 



id 



f*(\) 



q*N' (g) p*V 



g*(j)Kp*{i) 



g*a)®p*{i) 



{t^Jxm)*V 

id 

{t^Jxm)*V 



q*njM (g) p*nM*V 



The key point is now that the triviahzations and are the pull backs of trivi- 



alizations : Cpi(0'''lc/ — ^ and : Cpi(c)|j; — ^ C^, on P^. This implies 
that the base-change morphism can : f*(7rj\/)*P — > {j^.jxm)*V is the identity with 
respect to the triviahzations and It follows that, in these triviahzations, the 
isomorphism if is the identity. □ 

After choosing representing pairs (J'^,£('^)), {J,C) and (M, P) for the functors 
Pic'', Pic ° and Ms'^) iii Section [7] we have constructed a morphism r : J x M — > M. 
To make this explicit, let G = C* if -E is nodal and G = C if is cuspidal. For 
simplicity, we assume again < c? < n. 

We define J = J'^ = M = G with universal bundles C^'^^ and C both given by 
{y, id) in the nodal case and hj 1 + ey in the cuspidal case. We define the universal 
bundle V to be given by {Mn-d,d, id) in the nodal case (proof of Theorem 19.191) and 
In + eMn-d,d in the cuspidal case (proof of Theorem 19.341) . Universality was shown 
in Corollary \9A2l 
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Using the notation of diagram ( l25l) in Section [71 we obtain now = idc and det = 
zbidc, the sign depending on {n,d) only. Moreover, because ((yi), (l))((?/2), (1)) = 
((?/i|/2), (1)), the group structure on J = G is multiphcation in the nodal case and 
because (1 + yie){l + y2e) = 1 + (yi + y2£), the group structure is addition in the 
cuspidal case. Therefore, r = a' : G x G — > G has the description r(a, b) = aP-h in 
the nodal case and r(a, h) = na + h m the cuspidal case. 

We also consider the vector bundle V of rank n and degree d on G x E, which 
is given by {Nn-d,d, id) in the nodal case (Remark I9.26P and 1„ + eNn-d,d in the 
cuspidal case (Remark 19.371) . These were constructed in such a way that (l36l) holds 
with respect to the morphism t' : G x G — > G given by r'(a, b) = ah (respectively 
r'(a, h) = a + h). 

If fn '■ G — > G is given by fn{t) = in the nodal case and by fn{t) = nt in the 
cuspidal case, we have (id^; x /„) o f' = f o {idExj x fn), because J = G is abelian. 

From Remark 19.261 and Remark 19.371 respectively, it is clear that (id^; x fnYV and 
V are isomorphic after restriction to a fibre. This implies that these two bundles are 
locally isomorphic (with respect to the basis G, which is reduced). Equivalently, up 
to a twist by the pull-back of a line bundle on G, (id^; x fnYV and V are isomorphic. 
As G is a non-compact Riemann surface, we even get (id^; x fnYV = V, but we do 
not need this in the sequel. 

Corollary 9.45. The morphism t' and the bundles V and C satisfy the properties of 



Theorem 9.44 Moreover, each point of G has an open neighbourhood M' C G such 
that there exits an isomorphism ip : q* C ® p*V\exJxM' — ^ '^*'P\exJxM' , which is 
represented by the identity with respect to the trivializations C,^ and onUxJx M' . 

Proof. Because, up to a local isomorphism, r is isomorphic to addition of complex 
numbers, it is flat. Now, the first statement is clear from the above. The prove the 
second, chose a sufficiently small open neighbourhood M' C G around a given point 
on G such that /„ restricted to M' is an isomorphism and (id^ x fnY'P is isomorphic 
to V over E x M' . Because q o (id^jx j x fn) = q, P° (id^x j x /„) = (id^; x /„) o p 
and (id^; x /„) of' = f o {id-Exj x fn), with the aid of the isomorphism idExj x fn\j^.j, 
the claim follows from the first part of the corollary. □ 

In the cuspidal case, /„ is an isomorphism, hence we may choose M' = G. In the 
nodal case, however, the matrix Nni^n2 does not descent to M = G, as it involves 
taking n-th roots; /„ is an unramified n-fold cover. Therefore, the isomorphism ip 
exists only locally on M in this case. 

Remark 9.46. The map x i— ^ Oe{x) gives a canonical isomorphism E Pic]j. 
Let e G -E be the point which has coordinate 2; = 1 in the nodal case (Subsection 
19. 2p and z = in the cuspidal case (Subsection 19.31) . This point corresponds to 

the neutral element of J under the isomorphisms E ^ — J (see Section [7]). 
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This isomorphism and our choice of the representing pair (J, C) with J = G induce 
coordinates on E. 

Lemma 19.121 shows that these coordinates coincide with the ones induced by the 
coordinates on and the normahzation morphism \ Z E. However, by 
Lemma [9 .2 71 we see that in the case of a cuspidal curve these two choices are different] 
they are related by the involution of C mapping z to —z. 

Remark 9.47. If (n, d) G Z+ x Z are coprime integers, we let c be the unique 
integer for which rii = (1 + c)n — (i > and n2 = d — cn>Q. With the aid of the 
equivalence between yE^^f:^^\E) and W^i]l^{E), given by the tensor product with 
C^(ce), it can be shown that all the results of this section are also valid for such 
pairs (ra, d). 

10. Computations of t-matrices for singular Weierstrass curves 

Let E' be a singular Weierstrafi cubic curve, VLe the sheaf of regular holomorphic 
1-forms, uo G H^{Qe) a no- where vanishing global section. As usual, for a pair 
of coprime integers (n, d) G Z+ x Z, let M = M^''^^ be the moduli space of stable 
holomorphic vector bundles of rank n and degree d on E,V = V{n, d) G \/B{E x M) 
be a universal family and C,^ : V\uxM' — ^ ^\uxM' trivialization, as constructed 
in the previous section. Recall that these data define the germ of a meromorphic 
function 

f = ; [M X M X E X E,o) — > Mat„xn(C) ® Mat„xn(C), 

whose value at the point (f i, f2; Z/i, I/2), where vi 7^ vi and yi 7^ 1/2, is defined 
via the commutative diagram fl3T]) . Our next goal is to get explicit formulae to 
calculate the morphisms res^^^''^"^ {u) and evy2^'^ ^""^^^ in the case of nodal and 
cuspidal WeierstraB cubic curves. To do this, we consider first the case of vector 
bundles on a projective line P^. 

10.1. Residue and evaluation morphisms on P^. Let (2:0 : zi) be homogeneous 
coordinates on P-^, = (1 : 0) and U = {(2:0 : zi)\zq 7^ O}. Let 2 = |^ be a local 

coordinate on U. In what follows, we shall use the identification C U mapping 
X eCto {1 : x) eU. 

Let V = 0^.g2 Opi{jp and W = 0.^^ CpilO""' be a pair of vector bundles on P^ 
of ranks n and m respectively. Then a morphism E G Hompi(V, W) can be written 
in matrix form: E = (Eij), where Eij G Mat^^xn^ (C[zo, ^^iji-j) • 

Consider the set of trivializations {^i : Opi(/)|(7 — * mapping a local 

section p of Opi(/) to the holomorphic function -fj— • They induce trivializations 

'■ '^\u — ^ C'f/ and : W\u — ^ O"^. Let x,y E U and be a meromorphic 
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differential form on liolomorpliic at x. Let be tlie morpliism 



tfie morpliism is defined in a similar way. Our goal is to get explicit formulae to 
calculate the morpliisms: 



Hompi (V, Wix)) '"^ Hompi (V ® C,, W ® C,) ^'"^^ " ^ Mat„xn(C) 



cnj{C^,f>^) 



and 



Hompi (V,W(a;)) 



^ > Hompi (V ®Cy,W® Cy) > Mat„xn(C). 



Let a = zi — xzq E /f°((9pi(l)) be a section such that d\v{a) = [x]. Then a defines 
an isomorphism (9pi(l) — > O^i^x) mapping a global section p = p{zo,Zi) to the 
meromorphic function ^. Moreover, it induces an isomorphism 

U : Hompi (V,W(1)) — > Hompi (V,W(a;)). 
Let V = V\u and W = VV|t/. By Proposition 14.81 we have a commutative diagram 



Hompi (V,>V(x)) 



Homu{V,W'{x)) - 
Homu{0^,0^{x)) 



(0(x)) 



V.W/ N 



res^ (a;) 



Hompi (V®C^,W®C^) 



Homc7(V'®C^,W®C^) 
>Hom^(CS,C-) 



rCSa;(Lj) 



Mat 



mxn 5 



where 0{x) denotes the vector space of meromorphic functions on U which have at 
most a pole of order one at x. Let T be the composition 

Hompi (V,W(1)) ^ Hompi (V, >V(a;)) — ^ Mat„xn(0(a;)). 

Then we have the following result: if F G Hompi (V, W(l)) then T{F) = ^J^h^ - 
Let LJ = g{z)dz then by Lemma [4.51 we have: 

^^^'^^^ g[x)F{l,x) 



z — X 



Corollary 10.1. In the above notation, the morphism 

fes^ := res^ito) o T : Hompi (V, W(l)) — > Mat^xn 
has the following form: 



(C) 
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• if LU = ^ then F{zq,Zi) is mapped to 

• if uj = dz then F{zo, zi) is mapped to x). 

In a similar way, we compute the morphism evy''^^^\ Indeed, by Proposition 14.121 
we have a commutative diagram 



Hompi(V,W(x)) 



Homc;(V',W'(a;)) - 

cnj(c^C^(x)) 



(0(x)) 



V,W{x) 



Hompi (V ®Cy,W(8) Cy) 



Homu{V ®Cy,W ®Cy) 

cnj(c^,C^) 
>Homc;(q,C-) 



Mat^xn(C) 



and for A{z) E Mat„ixn{0{x)) we have eVy[A{z)) = A{y). 
Corollary 10.2. In the above notations, the morphism 

eVy:=eVyoT: Hompi (V, >V(1)) — ^ Mat^x 

maps a matrix F{zo, zi) G Hompi (V, W(l)) to ^-^-^F(l, y). 

Remark 10.3. The above morphisms can be included into the following diagram: 

Hompi (V,W(1)) 



(V,W( 



Mat. 





Mat^xn(C) 



In particular, the linear maps fes^; and evy depend on the choice of a section a G 
if°((9pi(l)) vanishing at x: such a a is determined uniquely only up to a non-zero 
constant. However, as we shall see below, this choice does not affect the final formula 
to compute the triple Massey product r'!^^],'^"^ {^^) on a cubic curve. 
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10.2. Residue and evaluations maps on singular Weierstrafi curves. Let E 

be a singular Weierstrafi cubic curve, s E E its unique singular point, vr : — > E 
normalization of E. We choose homogeneous coordinates on E in such a way that 
7i-\s) = {(0 : 1), (1 : 0)} if E is nodal and n-\s) = {(0 : 1)} if E is cuspidal. Let 
E be the regular part of E then the isomorphism tt : \ 7r^^(s) — > E induces local 
coordinates on E. In what follows, we shall identify a point y E E = G with its 
preimage y = (1 : y) G P^. Let < d < n he a pair of mutually prime integers and 
V G \/B{E X M) a universal family of stable vector bundles of rank n and degree d 
on E. Recall that for vi ^ V2 E M and yi ^ y2 ^ E we have a commutative diagram 



(cu) 



n* 



7r*T"'l,,r*P"2 



(<i) 



Hompi(7r*P^i,7r*P''2(yi)) 



Hompi (7r*P'^i|^2,7r*P^2|-^). 



In particular, the computation of the morphisms res^^"^''''"^ (cj) and ev 



'1/2 



can 



be reduced to an analogous computation on P^ 

Let E' and M' he open neighbourhoods of e G -E and m G M, ^ : V\e'xM' — 
xM' tie a trivialization of the universal family V which is compatible with the 
action of the Jacobian. For v G M' let "P" = V\exv and be the induced trivializa- 
tion C,^ : V^'\e' — ^ ^E'- Next, for y E E' let he the corresponding isomorphism 

® Cj, — > Cy. Our goal is to compute the value of the geometric r-matrix 
at the point (f 1, ^2; Z/i, 1/2)- This linear morphism ^^("^1, ^2; l/i, I/2) is defined via the 
commutative diagram 



_-pfl,7:>f2 

HOmEiV"' ^Cy^V''^ 0Cy,] 



cnj 



cnj 



'■nxny 

f^{vi,V2;yi,y2) 

Mat„xn(C). 



LetP = C;r'^©0^i(l) and P be the pull-back of P to P^xM. Let Ci : Opi{l)\^ — ^ 
he the isomorphism used in Section [9] in the construction of the category Tn{E). 
Recall that the universal family V = V{n, d) was defined using the following short 
exact sequence 



^ P TTM^P © r/M*Cz 



xM 



0, 
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C^xAf induces the triviahzation 



T<'M*'P\e'xM' * ^E'xM' 

Moreover, by Theorem 19.41 we know that the morphism 



i : TTlrV 



is an isomorphism. Hence, we have the following commutative diagram 



(^) 




Hompi (-p » , P ® ) 



Mat„xu(C) 




f i^i,i'2;yi,y2) 



Mat„xn(C) 




^ Hompi {r®Cy2,Pi3 Cy^ ) 



where H^j'''^ = Im ( Horns (P^S P^^(yi)) — ^ > Hompi (P, ) . 



The morphisms res^^ : Ily^'''^ 



Hompi (P (g) Cy^,V ® CyJ and evy^ : Ii; 



Hompi (P ® Cy2,V ® Cy^) are isomorphisms. Hence, in order to compute the linear 
map r^(f 1, V2] yi, 112)1 it suffices to get explicit formulae for the morphisms 



Hompl(P®Cj;,,P®Cj;,^ 

Consider the short exact sequence 



res- cv- ~ ~ 

nr.^^'^ ^ Hompi ® C^3,P ® Cj^J. 



yi 



By Theorem 19.41 we know that the morphism 

j : Opi(yi) = n*{OE{yi)) ^ 7r*7r,Opi(l) ^ Opi(l) 
is an isomorphism. Let a = j(l) G i/°((9pi(l)). Then the morphism 

U : Hompi (P,P(1)) ^ Hompi 
introduced in Subsection 110.11 is the inverse of the morphism 

I : Hompi Hompi (P,P(1)) 



0. 
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induced by j. Consider the short exact sequence 
We know that the sequence 



0. 



7r,P(l)©r7,C^ 



^ u,Ol 



is exact, where k is the morphism ®OE{yi) - — -n^V ®'K^Of,i{l) tx^{V{1)) 
and m corresponds to the tensor product of matrices m(f2) and n. 

Lemma 10.4. In the above notation, the following diagram is commutative: 



Vim) 



V{1) 



Proof. This follows from the definition of the morphism k and the fact that the 
diagram 



inyi)) 



TT* (can) 



7r*7r,P(l) 



7r*P®Opi(^i) 
is commutative. 



TT* (can)(gi7r* (can) ~ 

-^7r*7r,P(g)7r*7r,Cpi(l) >P® Opi(l) 



□ 



Using Lemma [10.21 we obtain the following result. 
Proposition 10.5. The following diagram is commutative: 

HomTri(£)(T-pt.i,T-pi.2(j^i)) — 



Hompi (P,P(1)) 



G 



Cnj(i"l,i''2(j/i)) OTT* _ _ 

Hom^ (P-^ , (y,)) ^ ^ > Hompi {V, V{y^)) ., 



where T-pv = F(P'') for all v E M. 



VECTOR BUNDLES AND YANG-BAXTER EQUATIONS 

Proof. First note that by Theorem 19.41 the diagram 

HomTri{£;) {Tpvi , Tpv2 (j^^)) 
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For 



cnj , o TT* 



is commutative. By Lemma [lU. 21 the diagram 

cnj(T''iJ"2(yi)) o7r> 



Hompi (P,P(1)) 



,k) o vr* 



Hompi {V,V{yi)) 



Hompi (P,P(1)) 



is commutative, too. Patching both diagrams together and using that j* = t^^, we 
get the claim. □ 



Corollary 10.6. Let K 



2/1 



lm(HomTH(ij)(Tp«i,Tp«2(yi)) Hompi (P, •p(l)) 



Then the following diagram is commutative: 



Y\Vl,V2 

yi 



T\vi,V2 

yi 



Hompi (P,P(1)) 



Hompi (P,P(yi)) 



Collecting everything together, we get the following algorithm for computing asso- 
ciative r-matrices coming from a singular WeierestraB cubic curve E. 

Algorithm 10.7. Let co G H^{n]^^) C H°{n^,^^) be the global regular differential 

dz 

one form on equal to — if E is nodal and dz if E is cuspidal. The linear morphism 

z 

f£(fi, V2] Hi, 2/2) can be computed in the following way. 

• Compute the vector space II^^''"^ C Hompi (P, 'P(l)) . 

• Consider the morphism fesj^^ : Hompi (P, P(l)) — > Mat„xn(C) given by 



reSy,(F) 



if E is nodal 
F{l,yi) if E is cuspidal. 
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• If is either nodal or cuspidal, we set ev^j : Horripi (V, V{1)) — > Mat„xn 
to be given by the formula 

2/2 — Vi 

• The linear morphism r^(f i, f2; 2/i, 2/2) : Matnxn(C) — > Mat„xn(C) can be 
computed as the composition 

Mat„x„(C) ^ n;^'^^ ^ Mat„xn(C). 

10.3. A trigonometric solution obtained from a nodal cubic curve. Let E 

be a nodal WeierstraB cubic curve. In this subsection we calculate the associative r- 
matrices corresponding to the moduli spaces of rank two (semi-) stable vector bundles 
on a nodal WeierstraB curve. We use the notation from Subsection 19. 2[ 

We start with the case of the moduli space of stable vector bundles of rank 2 
and degree 1, M = M^' = C*. It is convenient to use the local homeomorphism 
cr : C* — s> C* given by a{z) = z"^, because, according to Example 19.181 and Remark 
19.261 the family of stable vector bundles (1 x a)*V{2, 1) is then given by the triple 
(Opi ©Opi(l),C2,m), where 

m(0) = ° Q ^ , A e C* and m(oo) = ( J J 
Our goal is to compute the map 

Step 1. In order to calculate the entries ip.ip.rj,^ we first need to describe the 
subspace II^^ ^ Hompi(Opi © Cpi(l), Cpi(l) © Cpi(2)). Following the recipe of 
Subsection 19.21 we take the section Pc, = ~ ^0 to evaluate a morphism 

h'zliy'tzlth'''zl d'z,ld"z, ) GHomp.(a.®a.(l),a.(l)©a.(2)). 
This gives the following evaluation rule: 

a' t \ . ( a" t 



b' -d' J ' ~ 1^ b'" d' 

From the definition of the category of triples we see that F belongs to ^yl'^^ if 
and only if there exists a matrix ip G Mat2x2(C) making the following diagram 
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commutative: 



F(0) 

.F(^) 



\l\ Q 

1 • 







ifi 
if 



^2!/i I n 
(J?) 



This is equivalent to the equations: 











> 





Aayi 
A2yi 



(p. 



Taking a", b", b'", d" as free variables and solving the above system we get 



A. 



( a' = 


-Xyid" 




d! = 


—\yia" 




< t = 


\yib"' 




b' = 


{Xy,fb'\ 


where A 



Ai' 



Step 2. Next, the equation reSj^j(F) 

a' + a" Hi 



a b 
c d 

t 



reads as 



b' + b"yi + b"'yi d' + d"yi 



yi 



a b 
c d 



From this we obtain 



a 
a" 
b' 
b" 
b'" 
d' 
d" 
t 



Xy 



l-^{d + Xa) 



^^{a + Xd) 



1-A 

Xyfb ^ 



Xy 



\^{a + Xd) 



1-X' 
Y^{d + Xa) 

yib- 
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Step 3. By the formula for the evaluation map we get: 



t 



2/2-2/1 V b' + b"y, + b'"yi d' + d"y2 



where we denote 



1/2 - A yi A(2/2 -Z/i) , 
1_A2 1_A2 ^ 

yib 

(2/2 - 2/1) (2/2 - A^i) ^ 



1. ' + ^2"- 

In order to calculate the corresponding solution of the associative Yang-Baxter 
equation we use the inverse of the canonical isomorphism 

Mat2x2(C) ® Mat2x2(C) — > Lin(Mat2x2(C), Mat2x2(C)) 

given hj X ®Y tr(X o —)Y. It is easy to see that under this inverse 

Lin(Mat2x2(C), Mat2x2(C)) — > Mat2x2(C) ® Mat2x2(C) 

a linear function ^— > dijeki, afj G C corresponds to the tensor a^jcjj Cki- Having 
this rule in mind we obtain the desired associative r-matrix: 



r{X]yi,y2] 



2/2 - A^i/i 



+ 



(2/2-2/i)(l-A2; 
2/1 



-(en (g) en + e22 (S) 622) +:r^^(en ® e22 + 622 ® en) 



-e2i ® ei2 + 



2/2 



1 - A2 

2/2 — A^2/i 
-ei2 (S) e2i H ^ e2i ® e2i. 



2/2 - 2/1 2/2-2/1 A 

The gauge transformation {p{z) = ip{fi; z) : (C^, 0) — > Aut(Mat„(C)) (see Definition 
I2.5P given by 



a b 
c d 

yields the transformation 



v/i 
1 



a b 
c d 



1 



ejj, ije{l,2} 



ei2 



e2i (K) ei2 ^ a/ ^621 
ei2 ®e2i ^|iei2 ® e2i 



e2i ® e2i 1-^ 
Thus, we end up with the solution 
2/-A2 



/ 2/12/2 



e2i ® e2i. 



r(A,2/) 



A 



+ 



(2/-l)(l-A2) 

Vy 



(en ® en + 622 ® 622) + T~~Ti(^ii ® ^22 + 622 ® en) + 



2/-1 



ei2 ® 621 + 621 ® 612) + 



1- A 

A 



621 <X) 621, 
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where y = — . Using the notation 1 = en + 622, this can be rewritten as 

yi 

, 1^1 1 , , 1 , , 

r(A, y) = — H -(en (g) en + 622 ® e22) - ^—r{eii ® e22 + 622 ® en) 

1 — A^y — 1 A + l 

+ ^^(ei2 ® e2i + e2i ® ei2) + ( ^ - ) e2i ® e2i. 

This is a solution of the associative Yang-Baxter equation of type ffTOl) . and by 
Theorem 12.151 this tensor also satisfies the quantum Yang-Baxter equation. 

In order to rewrite r(A; y) in the additive form, we make the change of variables 
y = exp{2iz), X = exp{iv). Making a gauge transformation we can multiply the 
tensor e2i ® ei2 with an arbitrary scalar without changing the coefficients of the 
other tensors. Therefore, we obtain 

sin [ z ~\- v] 1 
2rt,g{v, z) = . , , . , , (en ® en + £22 ® €22) + . , , {eu ® e22 + £22 ® en) + 
sm[z) sm[v) sm(f ) 

+ . , (ei2 ® e2i + e2i ® ei2) + sin{z + v)e2i ^ 621- 
sm[z) 

Up to a scalar, the corresponding solution f{z) := lim^^o(pi' ® pr)r(t>; z) of the 
classical Yang-Baxter equation is the trigonometric solution of Cherednik: 

1 1 

rtrg{z) = - cot{z)h (^h+ . (ei2 e2i + e2i ® ei2) + sin(z)e2i ® e2i. 

^ S1I1( Z ) 



10.4. Trigonometric solutions coming from semi-stable vector bundles. 

Our next goal is to construct a solution r(f ; y) of the associative Yang-Baxter equa- 
tion ([8]) having a higher-order pole with respect to v. The triple (Cpi, C^, m) with 

m(0) = Q ^ ^ , A G C* and m(oo) = 

describes a universal family of semi-stable indecomposable vector bundles of rank 
two and degree one, having locally free Jordan-Holder factors. 

Step 1 . First we compute the subspacell J; (- Hompi(Cpi©Cpi, Cpi(l)©Opi(l)). 
Recall that for a morphism 

^=(c5tS + )eHom,(o,eo,,o,(i)eo,(i)) 

we take the evaluation rule induced by the section p,^ = zi — zq: 
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Thus, F belongs to n^_^'^^ if and only if wc have 



m 



Ai Ai 
Ai 



A2?/l A2?/l 

Aayi 



F(oo). 



This implies that 



-c" a" + c"-d" 
c" 



Step 2. The equation reSy^(F) = ^ ^ ^ ^ reads F' + yiF" = yi ^ 



Solving this equation we obtain 

1 



a = 
h" = 



1- A 

A 



a + 



A 



-a 



1 ^ A(A + 1) 



1-A 1-A 
1 

-c 



c + 



A 



1-A 



A 



(1 - A)^ 

Step 3. Prom the formula evj,2(-^) — 



c + 



1 



1-A 
1 



(1-A)3 (1-A) 



-d. 



y^'y^ \ c d 



y2-yi 

a b 



(F' + y2F") we obtain: 



V C 



where 



V - 

^ 



and y — — , A 

yi 



y-\ 



-a + 



A 



(y-l)(l-A) (1-A)2 
y-X 

c 



(?/-l)(l-A) 
A 



y-A 



(1-A)2 (y-l)(l-A) 

A y-X ^ A 1+A 

a + 7 ttt:; ttO - -r. tttC + 



A 



a b 
c d 



Xi 



(l-Xr (y-l)(l-A) (1-A)3 (1-A)^ 
Hence, we obtain the associative r-matrix 



r{X;y) 



y-X 



(y-i)(i-A) 

A 



(en en + 622 ® 622 + e2i ® ei2 + ei2 ® 621) + 



( u u N A(l + A) 
^ (l-\)2 (^12 ®h-h® 612) - ^^_^^3 ei2 ei2. 
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Denoting y = exp{2iz), A = exp(— 2if ) and making a gauge transformation 

en ^ en, 622 ^ €22, eu ^^ 2ei2 and 621 ^ ^621 
we finally end up with an associative r-matrix 

r{v; z) = ^ . , . . , . (en O en + 622 ® e22 + e2i ® 612 + 612 ® e2i) 
2 sm{z) sm(t') 

1 / , , X cos(v) 

+ ^ ■ 2r \ (^12 ® M - /i ® ei2 ) . 3, , ei2 ® ei2. 

2sm (f) ^ sm'^(f) 

Remark 10.8. Since lim(pr (8)pr(r(f ; z))) does not exist, the family of indecompos- 

able semi-stable vector bundles of rank two and degree zero on a nodal WeierstraB 
curve E, whose Jordan-Holder factors are locally free, does not give a solution of 
the classical Yang-Baxter equation. 

10.5. A rational solution obtained from a cuspidal cubic curve. In this sub- 
section we shall calculate the rational solution of the classical Yang-Baxter equation, 
obtained from a universal family of stable vector bundles of rank 2 and degree 1 on 
a cuspidal cubic curve. In terms of Subsection 19.31 the universal family is described 
by the family of triples (Opi © Opi(l), C^, m), where 





^ 












I) 



m = mn + em^ = „ , ^ x ,AgC. 



As in the previous subsection, let 



^ ^ G Mat2x2(C) and 



c d J ^""^^ ' \ri i ) y^'y^ \c d 

Step 1. Again, we start by calculating the linear subspace H^^^'^^ C Hompi (Opi © 
C>pi(l),Cpi(l) © Opi(2)). Recall that, in the case of a cuspidal curve, a morphism 

is evaluated on the analytic subspace Z using the section pc, = Zi. This gives the 
following evaluation rule: 



F 



a" + a'e t 
b"' + b"e d" + d'e 
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From the definition of tlie category Tn{E) we see tliat F belongs to H^^^'^^ if and only 
if there exists a matrix / e Mat2x2(C) making the following diagram commutative 



a" t\ (a' 
h'" d"r^\b" d' 



1 
1 



Ai 1 
Ai 



/ 



1 0\ /A2-?/i 1 
li I X2-yi 



where R — £\e\/e^. This leads to the equality 

'Ai 1 



a' 0\ a" t 

h" d']^\ b'" d"l \ Xi) ^ \ 



A2 - 2/1 1 

A2 - yi 



a" t 
b'" d" 



Taking a", 6', b'" and t as free variables we obtain 



a' = {X- y^)a" + b" 
b" = (A - 7/1)6'" 

d'^{X- y,)a" - b'" - (A - y,)H 
d" = a" - (A - 



Step 2. By the formula for the residue map reSj^^ we have: 
feSj,,(F) = 



a' + a"yi t 
b' + b"yi + b"'yl d' + d"yi 



a b 
c d 



from which we get: 



b' 

b'" 



1 A — 1/1 , 1 , 

—a H H — -d 

2A 2 2A 

Avi A^vi(A — Vi), Avi , 
— H ^i^- — —b + C+ -^d 

1 A(A-yi), 1 , 
7:« — -a 

2 2 2 



Step 3. Since the formula for the map evj^j is given by: 



t 



a! + a" 1/2 



1 / ^ 
y V ^ ^ 
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we obtain: 



2A 



2A 



t 



{y2 - yi){y2 - yi + A) ^ _ A(A - yi)(A + y2)(i/2 - ^ 



+ c 



(^2 -Z/l)(A + y2) 



d 



1/2 - yi^ _ {y2-yi){yi - A) ^ 



2A 2 
From this we get the following associative r-matrix: 

(37) r{X,yi,y2) = ®H — ( en (g) en + e22<^ €22 + 612 <S) 621 +621 (8)612) - 

2A ?/2 - 2/1 V / 

^A,^ + ^2,^ A(A-yi)(A + y2) ^ 

H 621 0h-\ h (g) 621 7: 621 ® 621- 



2 — ■ ■ 2 ■ " 2 
Projecting this matrix to sl2{C) ® sl2{C) we obtain the rational solution of the 
classical Yang-Baxter equation 

(38) f{yi,y2) = ^ (l-h (g) h + e^ 621 + 621 ® 612 ] + ^h®e2i - ^621 ® h, 

y2-yi \2 J 2 2 

found for the first time by Stolin in [62]. It is easy to check that f{yi,y2) does 
not have infinitesimal symmetries, hence by Theorem 12.151 the tensor r{X,yi,y2) 
satisfies the Quantum Yang-Baxter equation. This solution was recently found by 
Khoroshkin, Stolin and Tolstoy [39j. 

Remark 10.9. By a result of Belavin and Drinfeld ^ it is known that the r-matrix 
(!38l) is equivalent to a solution depending on the difference of spectral parameters. 
However, we were not able to find the corresponding gauge transformation in the 
literature and the following form of Stolin's solution seems to be new. Consider the 
gauge transformation : (C, 0) — > Aut(sl2(C)) given by the formula 

y'^ 1 

(f){y)h = h - 2y^e2i, 0(l/)ei2 = -y /i + -612 - — 621 and 0(y)e2i = 4e2i. 
Then we have: (0(?/i) ® (p{y2))r{yi, 1/2) = s{y2 - yi), where 

(39) s(y) = - (l-h ®h + ei2® 621 + 621 ® 612) + 1/(621 ®h + h® 621) - y^e2i ® 621- 

y\2 J 

Remark 10.10. For any t G C* consider the constant gauge transformation 



en ^^ en, 622 ^^ 622, e2i ^^ t 621, 612 ^^ - 612 
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Then the associative r-matrix ( 1371) transforms into the solution 



rt(X,yi,y2) 



2X 



1 ® 1 + 



1 



1/2 - yi 



+ t 



A 



yi 



-621 



en ® en + e22 ® e22 + ei2 ® e2i + e2i ® ei2 ) + 

eX(X-y,)(X + y,) 



, , A + ?/2 , ^ 

n H — h (g) e2i 



-e2i (X> e2i. 



0, we get the following solution of the associative Yang-Baxter 



e22 + ei2 ® e2i + e2i ® ei2) • 



Taking the limit t 
equation f|T2l) : 

(40) r(A,i/) = l + -(en®en + e22 

2A 

Note that the corresponding solution of the classical Yang-Baxter equation ([3]) is 
the rational solution of Yang. 

11. Summary 

Let us summarise the main analytical results obtained is this article. We have 
shown that for any pair of coprime integers < ci < ?7, and an irreducible reduced 
projective curve E with trivial dualizing sheaf one can canonically attach the germ 
of a tensor- valued function 

r^E''\v-^yi,y2) ■■ (C^0) Mat„x„(C) ® Mat„xn(C) 

satisfying the associative Yang-Baxter equation 

riu; yi, y2f'^r{u + V] ?/2, y^if^ = r{u + v; yi, ys^^ri-v; yi, ^2)^^ 

+r(u; 7/2, |/3)^V(m;?/i, 1/3)^1 

By Proposition 12. 9[ the tensor 7/2) defines a family of commuting first 

order differential operators. Moreover, under certain conditions (which are always 
fulfilled at least for elliptic curves and for nodal cubic curves) it also satisfies the 
quantum Yang-Baxter equation with respect to the spectral variables yi and 1/2 and 
a fixed value of f 7^ 0. For {n,d) = (2,1) these tensors r^' have the following 
explicit form 

• For an elliptic curve E 



,(2.1) 
ell ' 



v;y) 



3|r) 



OMr) 



■■ C/ (1, r) we get 
Oi{y + v\T) 



eMr) 
Gz{.y + v\T 



1 (g) 1 



-cr 



92{y + v\t) 
e2{v\r) 

Oi{y + v\T) 



h®h+ 



-7 (g) 7 



eMr) " ^ " ' eM\r) 

where 1 = en + e22, h = en — 622, cr = i{e2i — 612) and 7 = e2i + ei2. This solution 
is a quantization of the elliptic solution of the classical Yang-Baxter equation 



^(2,1) 
'ell 



(y) 



cnjy) 
sn{y) 



h®h 



sn(y) 



7 



dn(?/) 
sn[y) 



a 
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studied by Baxter, Belavin and Sklyanin. 

• For the plane nodal cubic curve E — V{zy'^ — x^ — zx^ ) C we get a trigonometric 
solution 

(2 1)/ sin(y + v) 1 

^trg \^,y) = . , . . I J en ® en + 622 ® €22) + . , M \\ ® ^22 + e22 ® en) + 

+ ■ ^, A e\2 <S> 621 + 621 <S> 612) + sm(y + v)e2i <S) 621. 
sin(y) 

This solution is a quantization of the trigonometric solution of Cherednik: 

^iri\y) ^^cot{z)h® h+ . ^ (ei2 (8) 621 + 621 <8) 612) + sin (7/) 621 ® 621- 

• For the cuspidal nodal cubic curve E — V{zy'^ — x^) C we get a rational solution 

1 2 

'^rat^V' yi, ^2) = -1 ® IH (6n <8) 6n + 622 ® 622 + 612 <8) 621 + 621 <8) 612) + 

V 1/2-1/1 

+ {v - 1/1)621 ® + (v + 1/2)^ ® 621 - ^(v - yi){v + ^2)621 ® 621. 

This solution of the quantum Yang-Baxter equation is a quantization of the rational 
solution of Stolin 

riUi^y^) = — - — ( Irh (S) h + ei2 <S) 621 + 621 ® 612 ) + <S) 621 - ^621 h. 
1/2 - yi V2 / 2 2 



Note that this solution is gauge equivalent to the solution 

y 



s{y) = - (^h ® /i + 612 ® 621 + 621 ® 612] + 2/(621 ®> h + h®> 621) - 2/^621 ® 621 



depending on the difference of spectral parameters. 

• Next, the following solution r^at-deg('^5 y) associative Yang-Baxter equation 

is a degeneration of the rational solution r^at {v,yi,y2)' 

1 1 

^rat-deg(^' y) = 7^'^ ® + - (^11 ® 611 + 622 ® 622 + 612 621 + 621 612) . 

Zv y 

The corresponding solution of the classical Yang-Baxter equation is the rational 
solution of Yang: 



^ilt-degiy) = ^ (^/i O ^ + 612 ® 621 + 621 ® 612) . 



• In the case of a nodal cubic curve E, the universal family of indecomposable semi- 
stable vector bundles of rank 2 and degree having locally free Jordan-Holder factors 
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gives the following solution of the associative Yang-Baxter equation: 

(2 0)/ X sm(y + v) , s 
r\' '{v; y) = ^ . . , . . , (en O en + e22 ® 622 + 621 ® ei2 + ei2 ® 621) 

1 . , , X cos(f) 

+ „ . 2/ N 1^12 ®h-h® 612) . 3, , ei2 ® ei2. 

2sin(t;)^ ^ sin'^(t;) 

This solution has higher order poles with respect to the spectral variable v and does 
not project to a solution of the classical Yang-Baxter equation. However, it still 
yields a family of commuting Dunkl operators. 

The second analytic application of methods developed in this article, is the follow- 
ing. Consider the WeierstraB family of plane cubic curves zy'^ = 4x^ — g2xz'^ — gsz^, 
where g2,g3 G C. Recall the following classical result. 



Proposition 11.1 (see Section II.4 in [36]). Let t e C\R and Ar = + tZ C 

be the corresponding lattice. Then the complex torus C/A^- is isomorphic to the 

projective cubic curve zy^ = — g2xz'^ — g^z"^, where 

(41) 

1 1 

^2 = 60 > r-, 03 = 140 > -. 

(m',m")6Z2\{(0,0)} ^ ' (m',m")eZ2\{(0,0)} ^ ' 

Conversely, for any pair {g2, gs) G such that A{g2,g3) = gi ~ 27(71 7^ there 
exists a unique t from the domain D given below, such that (g2, gz) = ((72(t), 5'3(t)) . 



D= ireC 



|Re(r)| < i, |r| > 1 if Re(r) < 0, |r| > 1 if Re(r) > 

Let {n,d) G N x Z be a pair of coprime integers and M = M^j!^ = E he the 
moduli space of relatively stable vector bundles on E of rank n and degree d with 
universal family V{n, d). Let t = {g2, gs) and = ((0 : 1 : 0), t) G -E, m G M be the 
point corresponding to o and ^ be some trivialization of V{n, d) in a neighbourhood 
of (o, m) G X7- M and u G H^{uje/t) be a nowhere vanishing regular one-form. 
Then we get the germ of a meromorphic function 

r« := {rfi^^i^u))^ : {M Xt M Xt E Xt E,o) Mat„xn(C) x Mat„xn(C) 

which satisfies the associative Yang-Baxter equation 

r^(t; vi, V2; yi, y2f'^r^{t] Vi, V3; y2, ysf^ = r^it; Vi, V3; yi, ysY^r^it; V3, V2; yi, 2/2)^^+ 

+r^(t; V2, V3; ?/2, y3f^r^it] Vi,V2] yi, ys)^^ 

and its "dual" 

r^(t; V2, V3; yi, y2f^r^{t] Wi, V3] yi, 7/2)^^ = r^{t; Vi, V2; yi, 2/2)^V(t; V2, V3; yi, 2/3)^^+ 
+r^{t; vi, V3; yi, y3)^V^(t; V2, Vi, 1/2, l/s)^^ 
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Moreover, it fulfills the unitarity condition 

r^it;vi,V2;yi,y2) = -T{r^{t;v2,Vi;y2,yi)) , 

where r(a ® 6) = h® a. The function r^(t; t>i, t>2; yi, y2) depends analytically on the 
parameter t G T and its poles lie on the hypersurfaces vi = V2 and yi = y2- 

Next, different choices of trivializations of the universal family V lead to equivalent 
solutions: if ( is another trivialization of V and (p = ( o : [Mx^E, o) — > GL„(C) 
is the corresponding holomorphic function, then we have: 

= [(j){t,vi,yi) (g) (t){t,V2,y2))r^{<p{t,V2,yi)~^ ® 0(t, I'l, ^2)"^) • 

^2 1") ('2 1) 

We have shown that r^jj' {v;y) is equivalent to the solution r^^'^^{t;v;y) for all 

t = (fl'2,5'3) such that A{t) 7^ 0. This equivalence relation is generated by the gauge 
transformations and coordinate changes. 

The trigonometric solution r[^g\v;y) is equivalent to the solution r^^^(t; t>; 
for t = {g2^gz) 7^ (0,0) but such that A(t) = 0. Finally, the rational solution 
rrat^''(f ; 2/1, j/2) is equivalent to the solution r^^'p. ((0, 0); f ; y). 

In other words, we get the following result, which seems to be difficult to show by 
direct computations: the rational solution r).^^^ {v;yi,y2) is equivalent to a solution, 
which is a degeneration of the trigonometric solution rlj.^ {v]y) and of the elliptic 
solution r'^{^\v; y). 
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